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Abstract
In recent years, environmental and sustainability issues have acquired major im-
portance, propelling the investments in renewable energy sources. Worldwide eﬀorts
have been made to increase the energetic and operational eﬃciency of equipments.
Many machines have a motor or some other kind of propelling mechanism that have
an input that rotates at ﬁxed speed or in a range of speeds that is not the desired one.
In many situations in order to overcome these issues gearboxes are used. Designing
a transmission with the care of maximizing eﬃciency while keeping proper operating
safety factors has become a necessity. The main purpose of this work was to study the
inﬂuence of operating conditions and gear oil formulation in the eﬃciency of meshing
gears (applied to a planetary gearbox) including elastic and dynamic eﬀects.
Four wind turbine gear oils were selected, characterized and gearbox eﬃciency
tests were performed in a gearbox test rig with recirculating power. A no-load power
loss gearbox test rig was also developed, so that both load and no-load power loss
measurements were performed. A numerical classical gearbox power loss model was
developed aiming to understand the inﬂuence of each component in the gearbox power
loss.
At nominal load the most important power loss sources are the gears. An accurate
gear load loss prediction is quite dependent of the gear tooth load sharing model that
is considered. Three quasi-static gear load sharing models were developed for both
internal or external spur and helical gears.
Aiming to understand the inﬂuence of gear dynamics in gear power loss, a four
degree of freedom lumped mass gear dynamics model accounting, for time varying
mesh stiﬀness, friction and damping, was also developed.
The ﬁndings and the models developed for a simple gear pair were applied to study
the power loss behaviour of a planetary gearbox.
The experimental tests in the planetary gearbox showed that diﬀerent lubricants
promote very diﬀerent power loss behaviours. The more reﬁned solutions for the
load distribution model proved to be fundamental in obtaining accurate power loss
predictions.
The dynamic power loss model results have showed that average power loss can
be aﬀected by gear dynamics.
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Resumo
Nos últimos anos as preocupações relacionadas com questões ambientais e de
sustentabilidade tem aumentado, potenciando assim os investimentos em energias
renováveis. Têm sido feitos esforços internacionais para aumentar a eﬁciência ener-
gética e operacional dos equipamentos de modo a que se poupem recursos. Muitos das
máquinas e equipamentos têm um motor ou algo equivalente com ﬁm de potenciar
uma dada acção e muitas vezes esse elemento motor funciona numa gama de velocid-
ades que não é a adequada para o ﬁm ao qual este se destina. Nestes casos muitas
das vezes são usadas caixas de engrenagens (multiplicadoras ou redutoras). Projectar
caixas de engrenagens maximizando a eﬁciência enquanto se mantém os factores de
segurança tornou-se uma necessidade. O principal objectivo deste trabalho é o de
estudar a inﬂuência das condições de funcionamento e do lubriﬁcante na eﬁciência
do engrenamento (aplicado a uma caixa de engrenagens planetária) tendo em conta
efeitos elásticos e dinâmicos.
Quatro óleos de engrenagens para aerogeradores foram selecionados e caracteriza-
dos. A inﬂuência do lubriﬁcante na eﬁciência de uma caixa de engrenagens planetária
foi depois estudada num banco de ensaios com recirculação de potência. Foi ainda
desenvolvido um banco de ensaios para estudar as perdas de potência independentes
da carga. Foi também desenvolvido um modelo numérico de eﬁciência para caixas
planetárias com o objectivo de perceber a inﬂuência de cada um dos componentes na
eﬁciência.
Em condições nominais de funcionamento a maior fonte de perdas são as en-
grenagens. Se o objectivo é melhorar a previsão, torna-se então necessário aprofundar
o estudo do modo como as perdas de potência nas engrenagens se desenvolvem. A pre-
visão desta componente está fortemente dependente da formulação para a repartição
de carga entre os dentes das engrenagens. Foram então desenvolvidos três modelos
quase-estáticos de repartição de carga formulados de modo a que a sua aplicação
possa ser feita a engrenagens de dentado recto e helicoidal externas ou internas.
De modo a perceber a inﬂuência da dinâmica do engrenamento na eﬁciência de
um par de engrenagens foi desenvolvido um modelo dinâmico torsional com quatro
graus de liberdade que tinha em conta a variação da rigídez do dentado, o atrito e o
amortecimento.
Os modelos desenvolvidos para um par simples de engrenagens foram também
aplicados a uma caixa de engrenagens planetárias de modo a perceber a inﬂuência de
tais fenómenos na perda de potência.
Os resultados experimentais mostraram que diferentes formulações de lubriﬁcante
para a mesma aplicação promovem desempenhos muito diferentes no que à eﬁciência
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diz respeito. Os desenvolvimentos conseguidos com os modelos de distribuição de
carga foram fundamentais para a melhoria da previsão da perda de potência da caixa
planetária.
Foi ainda demonstrado que os efeitos dinâmicos têm inﬂuência na perda de potên-
cia.
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Résumé
Depuis les années 90 les questions environnementales et de développement durable
ont gagné une importance majeure qui ont catalysé les investissements dans les én-
ergies renouvelables. Partout au monde des eﬀorts ont été menez pour augmenter le
rendement énergétique et opérationnelle des équipements. Fréquemment les machines
ont un moteur ou un autre mécanisme de propulsion qui tourne dans une gamme de
vitesses qui ne correspond pas à la vitesse de service, demandant l'utilisation d'une
transmission par engrenages pour adapter ces vitesses. La conception de transmis-
sions mécaniques avec rendement maximisé est devenue un impérative, tout en gard-
ant les facteurs de sécurité nécessaires. Donc, l'objectif principale de ce travail est
l'étude de l'inﬂuence des conditions de fonctionnement et de la formulation de d'huile
sur le rendement des engrenages (appliquées à une engrenage planétaire), tenant
compte de la déformation élastique et du comportement dynamique des dents.
Quatre huiles d'engrenages pour des éoliennes ont été sélectionnés et caractérisés,
et des essais de rendement de d'engrenages planétaires ont été réalisés sur un banc
d'essais pour transmissions, avec circulation de puissance, aussi bien que sur un banc
essais à vide, spéciﬁquement développé pour cet eﬀet. Un modèle analytique classique
de pertes de puissance dans les boîtes d'engrenages a été développé avec le but de
comprendre et quantiﬁer l'inﬂuence de tous les paramètres et composants sur les
pertes.
A la charge nominale, les engrenages sont responsables par la grande majorité
des pertes. De toute façon la prévision précise des pertes de puissance sous charge
est fortement dépendant du modèle de répartition de la charge sur les dents de
l'engrenage. Trois modèles quasi statique ont été développés pour les engrenages
hélicoïdales à denture extérieure et intérieure.
De façon à comprendre l'inﬂuence de la dynamique des engrenages sur les pertes
de puissance, un modèle dynamique à masses discrètes avec quatre degrés de liberté
a été développée, tenant compte de la variation de rigidité, d'amortissement et de
frottement entre les dents pendant l'engrènement.
Les modèles et les conclusions et ces études ont été appliquées à une engrenage
planétaire de façon à comprendre ses pertes de puissance pendant son fonctionnement
à vide et sous charge.
Les essais de validation menés sur l'engrenage planétaire ont montré que les huiles
lubriﬁantes génèrent des pertes de puissance très diﬀérentes. Les solutions plus dé-
taillées de la distribution de charge sur les dentures ont prouvé être fondamentales
pour l'obtention de prévisions d'haute précision des pertes de puissance.
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Les résultats des simulations ont clairement mis en évidence l'inﬂuence du com-
portement dynamique des engrenages sur les pertes des pertes de puissance de l'engrenage
planétaire.
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F N Force
fA -
Variable used for the calculation of the frictional
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HNieV - Gear loss factor (Niemann and Winter)
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Ls,h(ξ) - Sum of the lengths of the lines of contact
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lg - Parameter for the calculation of a0,1,2,3,4
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M rol Nm Total frictional moment of a bearing
M rol0 Nm No-load friction moment of a needle bearing
M1 Nm Moment in DoF 1
M rol1 Nm Load friction moment of a needle bearing
M2 N Moment in DoF 2
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M ball,rolldrag Nm Frictional moment of drag losses (SKF)
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p Pa Pressure
Ph GPa Maximum Hertzian perssure
PoA - Acronym for plane of action
PoC - Acronym for path of contact
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Q˙cv W Heat ﬂow rate due to convection
Q˙rad W Heat ﬂow rate due to radiation
Q˙total W Total heat ﬂow rate
rai m Addendum radius of gear i
rpi m Pitch radius of gear i
Ra m Arithmetic mean roughness
Rzi µm maximum height of roughness
Rec - Critical Reynolds number
rbi m Base radius of gear i
RS -
Variable used for the calculation of the frictional
moment of drag losses (rolling bearings)
R J Rayleigh dissipation function
RX m Equivalent radius
Rzi µm Maximum height of average roughness
R1,2 - Geometric constants for rolling frictional moment (SKF)
S µm Surface roughness
Sm m2 Gear immersion surface area
Sg - Gear geometry parameter
SR - Slide-to-roll ratio
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Sp - Modiﬁed Stribeck parameter
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Tmesh s Mesh period
TOil
◦ C Oil sump temperature
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◦ C Room temperature
TRB - Acronym for taper roller bearing
u - Gear ratio
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V J Total elastic potential energy
V.I. - Viscosity index
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XR - Parameter for µMmz
Y - Axial load factor for single-row bearings
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αt rad Transverse pressure angle
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δWnc J Work of non-conservative forces
∆ % Relative error
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ω rad/s rotational speed
 − Emission ratio of housing surface
α - Transverse contact ratio
β - Overlap ratio
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η0 Pas Dynamic viscosity at the oil bath temperature
γ s−2 Centrifugal acceleration
Λ - Speciﬁc ﬁlm thickness
Λv - Parameter for gear eﬃciency (Velex)
µDbl - Boundary reference COF (Doleschel)
µMtobl - Boundary reference COF (Matsumoto)
µSKFbl - Boundary reference COF (SKF)
µDEHD - Fluid ﬁlm reference COF (Doleschel)
µMtoEHD - Fluid ﬁlm reference COF (Matsumoto)
µSKFEHD - Fluid ﬁlm reference COF (SKF)
µDmz - Coeﬃcient of friction (Doleschel)
µFer - Coeﬃcient of friction (Fernandes)
µMto - Coeﬃcient of friction (Matsumoto)
µseal - Seal coeﬃcient of friction (Croes)
µXu - Coeﬃcient of friction (Xu)
µfermz - Average coeﬃcient of friction (Fernandes)
µISOmz - Average coeﬃcient of friction (ISO 6336-4)
µKLmz - Average coeﬃcient of friction (kelley-Lemanski)
µMmz - Average coeﬃcient of friction (Michaelis)
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µSmz - Average coeﬃcient of friction (Schlenk)
µsl - Sliding friction coeﬃcient (SKF)
ν0 cSt Kinematic viscosity
φD - Friction sharing function (Doleschel)
φFer - Friction sharing function (Fernandes)
φMto - Friction sharing function (Matsumoto)
φbl - Sliding friction sharing function (SKF)
φish - Inlet shear heating reduction factor
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ψi - Non-dimensional coeﬃcient
ρoil - Oil bulk density
ρv - Gear eﬃciency (Velex)
θ rad Angle, ﬁgure 1.5
ξ - Non-dimensional coordinate along the path of contact
ω rad/s Angular speed
ωin rad/s Natural frequency
ωiself rad/s Self-excitation speed
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Introductory notes
In recent years, environmental and sustainability issues have acquired major im-
portance propelling the investments in renewable energy sources. Worldwide eﬀorts
have been made to increase the energetic and operational eﬃciency of equipments
aiming to save resources [113].
One of the most relevant renewable energy is wind power which is obtained through
wind turbines, converting the kinetic energy of the wind into mechanical energy. The
blades in the wind turbines are designed to spin as the air ﬂows through them, con-
verting the kinetic energy of the wind into mechanical energy - torque - which is
transmitted along the main shaft to the generator. The rotor rotational speed and
torque are transformed by the main gearbox in order to match the necessary oper-
ating conditions of the generator. The gearbox might have diﬀerent conﬁgurations,
although one of the most used designs has two planetary stages plus a helical gear
stage at the end. The eﬃciency of these multiplying gearboxes, with this arrange-
ment or similar is already quite good. Nevertheless, any eﬃciency increase will have
a signiﬁcant impact, reducing the power loss and the operating temperature. In a
three stage gearbox used in 1 MW wind turbines, an improvement of 0.33% per gear
stage leads to an overall eﬃciency improvement of 1% which represents an energy
gain of 10 kW. The average household energy consumption world wide for 2011 was
3338 kWh, [14], representing 0.38 kW per household. This means that such a slight
improvement as 0.33% would allow each wind turbine to supply at least 20 extra
households. As little as it may seem, taking into account all the already existent
wind farms with wind turbines usually with a capacity ranging 1.5-3 MW, the slight
improvements on the eﬃciency of a gearbox should not be neglected.
Many machines and mechanisms, like the aforementioned wind turbines, have a
motor or some other kind of propelling mechanism that have an input that rotates
at ﬁxed speed or in a range of speeds that is not the desired one [15, 16]. In many
situations in order to overcome these issues gear transmissions are used. Designing a
gearbox with the care of maximizing eﬃciency while keeping proper safety factors has
become a necessity. Optimizing the gearbox eﬃciency, also leads to lower operating
temperatures which beneﬁts the working life of all components. Lower operating
temperatures can also potentially lead to a lower failure probability, therefore lowering
the maintenance costs [17].
Eﬃciency driven gear designs are already possible through an improved gear tooth
design or selecting the most suitable gear oil formulation [1821], or even, combining
these two possibilities.
Höhn et al. [22] presented a study that showed that it is possible to improve
gearbox power loss acting on both gear geometry design and rolling bearing selection.
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Recently Petry-Johnson et al. [23] presented a test methodology to measure spur gear
eﬃciency under high speed and variable torque conditions, the inﬂuence of some of
the gear design variables were evaluated in the power loss. Later on Chang et al. [24]
used these results to validate the power loss model he had developed.
More recently Fernandes et al. [13] performed extensive experimental testing and
modelling of the power losses generated by three diﬀerent gear geometries. The rolling
bearings model as well as the gear loss models were properly calibrated from simple
experimental tests. The same lubricants were later used in another experimental
campaign [9] and power loss predictions using the calibrated model were in good
agreement with the measurements.
Detailed gearbox eﬃciency estimations will lead to the design of more reliable and
eﬃcient gearboxes, which can save resources not only during development, but also
through the gearbox's expected life.
Purpose and Research work
The main purpose of the work presented in this thesis was to study the inﬂuence
of operating conditions and gear oil formulation including gear elastic and dynamic
eﬀects in the eﬃciency of a gearbox, in particular planetary gearboxes. In order to
achieve such feat a lot of experimental work was done. Several analytical models
were also developed as well as their numerical implementation through the form of
computer programs.
A series of eﬃciency tests in a recirculating power back-to-back gearbox test rig
were conducted aiming to understand the inﬂuence of operating conditions and gear
oil formulation in the power loss of a gearbox. Before these tests took place the chem-
ical and physical characterization of four selected wind turbine gear oils was done.
This characterization included the density and viscosity (dynamic and kinematic)
variations with temperature, ICP and FTIR analysis. Film thickness and traction
measurements were also performed in a ball-on-disc device.
The back-to-back gearbox test rig was also modiﬁed to support planetary gear-
boxes. New gearbox mounts, some couplings and test rig shafts were designed. The
commercially available planetary speed reducers that were selected were also modi-
ﬁed to be compatible with a series of temperature measuring probes. The test rig
software was revised and an extensive calibration procedure was also conducted.
A no-load gearbox power loss test rig was also developed and designed from the
ground up. The no-load power loss of the planetary gearbox tested in the back-to-
back gearbox test rig was measured in this newly developed no-load loss test rig.
This work had a very strong experimental component. The author did not only
perform the experimental tests, but was also responsible for the maintenance pro-
cedures including the oil changes, assembling and disassembling of the gearboxes and
gearbox test rigs. The total time spent on these tasks alone was above ﬁfteen hundred
hours.
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As referenced at the beginning of this section, this work also had a strong analytical
and numerical component.
A classical numerical power loss model for planetary gearboxes was developed and
implemented. The main goal of this model was to study the inﬂuence of each power
loss component in the total power loss of the gearbox. It was concluded that the gears
were one of the major power loss contributors in the case of wind turbine planetary
gearboxes (low speed and high torque).
Being the gears one of the main power loss components, the focus was on reﬁning
the prediction of the power loss between meshing tooth pairs which depends on the
gear tooth load distribution problem. The load distribution was assumed to be de-
pendant not only on tooth and shaft stiﬀness, but also on the masses of the rotating
bodies (shafts and gears).
The load distribution and gear dynamics problems were ﬁrst studied for a simple
gear pair. Three quasi-static gear tooth load sharing models for spur and helical
external or internal gears were developed:
• The simplest of the three (rigid model) is based on Heaviside step functions to
describe the load distribution along the path of contact.
• The second model (elastic model) takes an analytical approach to gear tooth
load distribution based on the single tooth mesh stiﬀness.
• The third model (local elastic model) is based in the minimization of the con-
strained total potential energy. It considers tooth compliance as well as fric-
tional eﬀects allowing to obtain both friction dependent load distribution and
mesh stiﬀness functions. In some cases the mesh stiﬀness function had very
steep variations due to the transitions between meshing tooth pairs, but also
the frictional eﬀects. These kind of stiﬀness variations are to a great degree
responsible for dynamic excitations. This raised the question: What would be
the eﬀects of gear dynamics in the power loss?
Many authors have already studied gear dynamics. In previous works the innova-
tions in gear dynamics were mainly in the detail of the dynamic models (more degrees
of freedom, varying mesh stiﬀness and friction, gyroscopic, rocking eﬀects...) and the
main focus usually were in the dynamic overloads, critical speeds, transmission errors
and gear noise [25].
A torsional four degree of freedom lumped mass gear dynamics model for a single
gear pair accounting for time varying mesh stiﬀness, friction (constant and local
COF), damping as well as external inertias connected to elastic shafts was developed.
The diﬀerential equations of motion were deduced from the Principle of Least Ac-
tion.
After the load distribution and gear dynamic problems were studied for a single
gear pair the same concepts were applied to a planetary gear. The quasi-static load
distribution models were developed in such a way that they could be directly applied
to the planetary gear. Resting on the same principles of the single gear pair dynamic
model a torsional n-DoF planetary gear dynamic model was also developed.
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The load distribution and gear dynamics models were implemented through the
form of a computer program. When possible, the author took advantage of open
source software, more speciﬁcally the FEM solver and 3D tetrahedral mesh generator.
The ﬁnal revision of the software that was developed consists of more than 16000 lines
of code (excluding the open source libraries).
Thesis outline
This document is the result of more than four years of work. The thesis is divided
in 5 chapters. The order in which this document is organized does not necessarily
reﬂect the real order of events.
Chapter 1 - Classical Gearbox Powerloss Model is dedicated to the present-
ation of the classical gearbox power loss model. It starts with the more commonly
used and accepted power loss models for rolling bearings, seals and gears which are
presented and discussed.
In Chapter 2 - Developments for a Gear Pair: Load Sharing and Power
Loss in Meshing Gears the load sharing problem between meshing gears is dis-
cussed. Three models developed are introduced and some results for the tree types
of spur gears are presented.
Chapter 3 - Developments for a Gear Pair: Gear Dynamics and Power
Loss is dedicated to the gear dynamics problem. The model that was developed is
presented and the inﬂuence of gear dynamics in power loss discussed.
Chapter 4 - Power Loss in a Multiplier Planetary Gearbox Lubricated
with Wind Turbine Gear Oils is dedicated to an experimental and numerical
study in a multiplier planetary gearbox lubricated with wind turbine gear oils. The
inﬂuence of operating conditions and gear oil formulation in the power loss and its
components is studied. The lubricants that were selected are presented. The gear-
box test rigs and all of the experimental procedures are explained. The numerical
power loss model for the full planetary gearbox is also introduced and its estimations
compared with the experimental results.
In Chapter 5 - Planetary Gears: Load Sharing and Local Power loss
(quasi-static vs dynamic) a planetary gear dynamics model is introduced and the
eﬀects of gear dynamics in power loss at selected operating conditions is evaluated.
Chapter 6 - Conclusions and Future Work is dedicated to the main conclusions
as well as ideas for future works.
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1. Classical Gearbox Powerloss
Model
The study of gearbox eﬃciency, mainly the prediction of it, has always been con-
sidered a quite diﬃcult task. The combinations of diﬀerent types of gears, shaft
arrangements, rolling bearings, other elements and housing designs is almost inﬁn-
ite. Combined with the almost inﬁnite design possibilities, the operating conditions,
namely speed and torque, as well as other factors and environmental variables like hu-
midity and ambient temperature complicate the problem even further.The eﬃciency
of gears has been a topic of study for many years. Power loss models for gears and
rolling bearings have been developed in the past [2629]. The problem of the predic-
tion of gearbox eﬃciency is still an active topic of research specially considering the
ever increasing demands for operating eﬃciency of machines and mechanisms.
According to Höhn et al. [28], the total power loss in a gearbox is the sum of gears,
bearings, seals and auxiliary losses, ﬁgure 1.1.
Gear and bearing losses can be separated in no-load and load losses. No-load losses
occur with the rotation of mechanical components, even without torque transmission.
No-load losses are mainly related to lubricant viscosity and density as well as immer-
sion depth of the components in a sump lubricated gearbox, but it also depends on
operating conditions and internal design of components and the gearbox casing.
Load dependent losses occur in the contact of the power transmitting components.
Load losses depended on the transmitted torque, coeﬃcient of friction and sliding
velocity in the contact areas of the components.
The auxiliary losses (PV X) are there to account for other dissipative sources that
are not generated by gears, bearings or the sealing elements.
Usually, for nominal operating conditions, the dominant power losses of a gearbox
are the load losses. When working at high speeds and with low or moderate loads,
no-load losses can overcome the load losses.
In behalf of improving gearbox eﬃciency, it is fundamental to understand how
each component contributes to the total power loss and how the operating conditions
and the lubricant formulation can inﬂuence each energy dissipation source.
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1. Classical Gearbox Powerloss Model
Figure 1.1.: Diﬀerent power loss mechanisms in a gearbox [28].
1.1. Power loss in gears
Gear friction power loss stands as one of the most inﬂuential power loss compon-
ents, if not the most, when high power is transmitted at low speeds or at nominal
operating conditions.
The classical model for gear power loss is presented in equation (1.1.1). This model
was ﬁrst proposed by Ohlendorf [30]. In this model a constant and average coeﬃcient
of friction µmz is assumed. The gear loss factor HV was initially developed for spur
gears (elastic eﬀects were disregarded).
PV ZP = PIN · µmz ·HV (1.1.1)
In equation (1.1.1) PIN is the eﬀective power that is transmitted, (PIN = Fbti ·ωi ·
rbi), µmz is the average coeﬃcient of friction and HV is a gear loss factor which takes
into account the load distribution and sliding velocity along the path of contact.Fbti
represented the tooth normal force projected in the transverse plane and it is deﬁned
according to equation (1.1.2).
Fbti =
Mi
rbi
(1.1.2)
The main discussion in this chapter will be around the sliding losses. It should be
noted that rolling power losses also occur in meshing gears. In most of the scenarios
the rolling losses can be disregarded [28].
1.1.1. Gear loss factor
According to Wimmer [31], the general formula for the gear loss factor can be
expressed according to equation (1.1.3) (this equation was obtained from equation
(2.5.2) assuming a constant coeﬃcient of friction and deﬁning a reference load (Fbt)
and speed (ω ·rb).) In fact this equation should not be taken separately from equation
(1.1.1).
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1.1. Power loss in gears
HnumV =
1
pbt
b∫
0
E∫
A
[
FN(x, y)
Fbt
· vg(x, y)
vb
]
dxdy (1.1.3)
Ohlendorf
Ohlendorf [30] ﬁrst introduced equation (1.1.4) to calculate the gear loss factor
for spur gears. This equation is not proven for helical gears and/or gears with proﬁle
shifts. It is valid for 1 ≤ α ≤ 2 and 1/2 ≤ pet, also it does not take into account
meshing tooth elasticity in the load distribution.
HOhlV =
pi · (u+ 1)
z1 · u · cos(βb)
(
1− α + 21 + 22
)
(1.1.4)
Niemann and Winter
Niemann and Winter [32] proposed a gear loss factor that is shown in equation
(1.1.5).
HNieV = (1 + u)
pi
z1
1
cos βb
α
(
1
α
− 1 + (2k20 + 2k0 + 1)α
)
(1.1.5)
k0 is deﬁned according to equation (1.1.10).
Buckingham
Buckingham [26] developed an expression for the eﬃciency of a meshing gear pair.
A gear loss factor (equation (1.1.6)) can also be derived from this approach.
HBucV = (1 + u)
pi
z1
1
cos βb
α
(
2k20 − 2k0 + 1
)
(1.1.6)
k0 is also deﬁned according to equation (1.1.10).
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Ohlendorf (improved)
According to Wimmer [31] in order to account for a broader range of gears equation
(1.1.7) can be considered instead of (1.1.4).
HOhlMV =
pi(u+ 1)
z1 · u cos(βb) (a0 + a1|1|+ a2|2|+ a3|1|1 + a4|2|2) (1.1.7)
Based on 1, 2 and α three parameters are deﬁned (ceil is rounding up to the
nearest more positive integer):
• lg - ceil(1);
• mg - ceil(2);
• ng - ceil(α);
Based on these parameters, (lg, mg and ng) the a0 to a4 coeﬃcients of equation
(1.1.7) are calculated according Table 1.1.
Table 1.1.: Values for the ai, (i = 1 : 4), coeﬃcients of equation (1.1.7).
α < 1 α > 1 α > 1 α > 1
1 < 0 ∨ 2 < 0 1, 2 > 0 1, 2 > 0
lg +mg = ng lg +mg = ng + 1
a0 0 0
2lgmg
ng
2(lgmg−ng)
ng−1
a1 0 1
l(l−1)−mg(mg−1)−2lgmg
ng(ng−1)
l(l−1)+mg(mg−1)−2(mg−1)ng
ng(ng−1)
a2 0 1
−l(l−1)+mg(mg−1)−2lgmg
ng(ng−1)
lg(lg−1)+mg(mg−1)−2(mg−1)ng
ng(ng−1)
a3
1
α
0
2mg
ng(ng−1)
2(mg−1)
ng(ng−1)
a4
1
α
0
2lg
ng(ng−1)
2(lg−1)
ng(ng−1)
Velex
Velex et al. [33] which did no a priori assumption on tooth load distribution by
using generalized displacements, in order to calculate the eﬃciency of a meshing gear
pair, obtained a closed form solution for the eﬃciency of a meshing gear pair,equation
(1.1.8), (constant coeﬃcient of friction was assumed). It turns out that the equation
suggested by Buckingham (1.1.6) is an approximation of the one suggested by Velex
et al. [33] when µ << 1.
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ρv = 1− µ · (1 + u) · pi
z1
· 1
cos βb
· α · Λv(µ) (1.1.8)
with
Λv(µ) =
2k20 − 2k0 + 1
1− µ ·
(
tanαt·(2k0−1)− piz1 α·(2k
2
0−2k0+1)
cosβb
) (1.1.9)
where
k0 =
z1
2pi · α · u
√(ra2
rp2
)2
1
cos2 αt
− 1− tanαt
 (1.1.10)
1.1.2. Coeﬃcient of friction in meshing gears
In the early stages of the 20th century Stribeck published several works [3437]
on the inﬂuence of the lubrication regime on the coeﬃcient of friction of contacting
bodies. Figure 1.2 shows a Stribeck curve. Stribeck curves, as they are known today,
are still considered a powerful method to compare lubricants in what regards traction
coeﬃcient under the diﬀerent lubrication regimes. Recently Brandão et al. [3840]
introduced an innovation under the form of a modiﬁed Hersey parameter (including
piezoviscous eﬀects as in equation (4.2.1)) that allows to more accurately compare
the lubricants regarding lubrication regime in a Stribeck curve.
The coeﬃcient of friction, CoF µ(x, y), is one of the most diﬃcult parameters to
accurately estimate (in equation (2.5.2)) because it is dependent of not only physical
and chemical properties of the lubricants, but also on macro and micro geometric
features of the surfaces in contact and the load distribution.
Gears very often operate under mixed ﬁlm lubrication and a large number of
empirical equations for the average coeﬃcient of friction along the path of contact
(mainly mixed ﬁlm lubrication) have been published [22,4152].
Most of the aforementioned formulas were obtained from curve ﬁtting of measured
data collected in twin-disk tests.
Two groups of formulations can be found in the literature. The formulas that
take into account the sliding speed, making it suitable for local coeﬃcient of friction
prediction. Buckingham [26] was the ﬁrst to introduce a local CoF formula based on
experimental results. This formula took into account the oil, speed, load, material and
surface ﬁnishing, but it only considered the sliding speed. In the same group of formu-
lations Misharin's [41], O'Donoghue and Cameron's [43], Drozdov and Gravikov's [44],
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plateau on the left corresponding to low rolling speed, and the
(elasto)hydrodynamic lubrication region, the gently rising slope
in the high rolling speed region, are clearly separated by the
mixed film lubrication region, the steeply descending slope
corresponding to intermediate rolling speeds.
It can be deduced from the above that mixed and boundary
film lubrication are strongly influenced by: oil type and oil
additives, roughness type and magnitude and surface material.
Starting in the 1960s, the study of these lubrication regimes has
gained momentum and many of these aspects have been the
object of published research.
There is an abundant literature on the effect of oil additives on
mixed and boundary film lubrication. Additives have been studied
for their role on the formation of a boundary layer [9], for their
contribution to the coefficient of friction [10] and for their
influence on fatigue phenomena [11].
Many researchers have proposed numerical models of mixed
film lubrication through the concept of load sharing between oil
film and asperities. Naturally, the type and intensity of the
roughness are important considerations in these studies. In the
early 1970s, Johnson presented a statistical model [12] to deter-
mine the load distribution in mixed film lubrication. The idea of
load distribution has been particularly fertile, it has more recently
been used for the prediction of the coefficient of friction as well
as the pressure distribution [13–15]. Holmes et al. [16,17], on
the other hand, developed a fully transient numerical simulation
of mixed film lubricated contacts with real measured roughness.
There is also a growing body of work on manufactured surfaces
and their effect on mixed and boundary film lubrication [18].
In much of the literature on mixed and boundary film
lubrication, it is assumed that the contacting elements are made
of steel. Although this is almost always true in the case of cams,
bearings and gears, a significant number of applications make use
of other materials (e.g. bronze for worm wheels). There have been
studies on the use of polymers and other metals under these
lubrication conditions [19,20].
Surprisingly, it is difficult to find a direct comparison between
different oils in mixed or boundary film lubrication conditions.
Lafountain et al. [21] studied the Stribeck curves of several un-
additivated base oil blends but concentrated mostly on the
transition from mixed to full film EHD lubrication. Costello’s
study [22] of the effect of basestock and additive chemistry on
the Stribeck curve can be seen as a precursor to the present work,
but it emphasizes the design and formulation of the oils. The
present work has a different focus: a set of 5 fully formulated
commercial gear oils, with different basestocks and additive
packages, were submitted to traction tests performed under a
wide variety of operating conditions and the corresponding
Stribeck curves were drawn. An incomplete, preliminary analysis
of a few of these results has been presented in conferences
[23,24]. The present, more thorough analysis of the results now
affords a reasonably comprehensive overview of the behaviour of
available commercial, industrial gear oils under mixed and boundary
film lubrication.
2. Materials and experimental procedure
2.1. Tested oils
In order to get an overview of the gear oils generally available
in practical environments, a set of fully formulated gear oils, each
complying with DIN 51517 part 3 (CLP) standard, was selected:
 1 paraffinic mineral oil, with references M1.
 1 polyalphaolefin oil, with reference P1.
 2 fully saturated ester based oils, with reference E1 and E3.
 1 highly saturated ester based oil, with reference E2.
M1 is a commercial, paraffin based oil with significant residual
sulphur content, as shown in Table 1. It was formulated with an
additive system designed to provide protection against conven-
tional wear modes such as scuffing as well as micropitting fatigue.
Fig. 1. Example of an ‘‘ideal’’ Stribeck curve: the curve progresses from full-film
(elasto)hydrodynamic, to mixed, to boundary film lubrication as the rolling speed
decreases.
Table 1
Oil properties.
M1 P1 E1 E3 E2
Chemical content
Zn (ppm)  0 n/a  0 n/a  0
Ca (ppm) 40 n/a  0 n/a  0
P (ppm) 175 n/a 146 n/a 300
S (ppm) 15,040 n/a 180 n/a 5500
Biodegradability and toxicity (standards OECD 101, 202, 301 F)
Ready biodegradability (%) o60 n/a Z60 n/a Z60
Aquatic toxicity with Daphnia EL50 (mg/l) 41000 n/a 4100 n/a 4100
Aquatic toxicity with Algae EL50 (mg/l) 4100 n/a 4100 n/a 4100
Density at 15 1C r15 (kg/m
3) 897 863 925 932 955
Kinematic viscosity at 40 1C n40 (cSt) 150 150 99.4 108.3 114.5
Kinematic viscosity at 100 1C n100 (cSt) 14.6 19.4 14.6 15.9 17.0
Viscosity index VI 96 148 152 156 162
J.A. Brand~ao et al. / Tribology International 47 (2012) 50–61 51
Figure 1.2.: Example of a ideal Stribeck curve: the curve rogresses from full-
ﬁlm (elasto)hydrodynamic, to mixed, to boundary ﬁlm lubrication as
the rolling speed decreases [39].
Kelley and Lemanski's [46], Naruse's [45], Hai Xu [53] and Fernandes' [52] can be in-
cluded.
Figure 1.3 shows the typical evolution of the coeﬃcient of friction alo g the path
of contact for a spur gear.
In 1958 Ohlendorf [30] presented an equation for the average CoF alo g the path
of contact. In this category of developments Eiselt [42], Matsumoto [51, 54], Mi-
chaelis [47] ISO 6336-4 [49], Schlenk [48], Doleshchel [22] and Fernandes' [52] can be
included.
The coeﬃcient of friction between the teeth of a gear pair has a crucial inﬂuence
on the gear mesh analysis since it directly inﬂuences the contact temperature, power
loss and failure probability. Its deﬁnition is extremely complex in the case of gears
since all of the lubrication regimes can coexist along the meshing line.
The next paragraphs present some of the CoF formulations that are found in the
literature.
Kelley-Lemanski
Kelley and Lemanski [46] derived equation (1.1.11) for the coeﬃcient of friction
from experiments in twin disk machines. The authors also validated their results for
meshing gears. This equation can't be applied to calculate the evolution of the coeﬃ-
cient of friction along the path of contact because the sliding speed is in denominator
and the coeﬃcient of friction approaches inﬁnity as the meshing process gets closer
to the pitch point, where the sliding velocity is zero.
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Figure 1.3.: Typical evolution of the CoF along the path of contact for a spur gear.
µKLmz = 0.0127 · log10
(
FN
b
· 29652
η0 · vg · (U1 + U2)2
)
(1.1.11)
Michaelis
Michaelis et al. [47] proposed equation (1.1.12) to predict the average coeﬃcient
of friction between gear teeth. This equation was also based on experimental results
from twin disk machines. Compared to equation (1.1.11) this approach introduces
the inﬂuence of the average roughness, Ra, but the sliding speed is omitted.
µMmz = 0.045 ·
(
FN/b
(U1 + U2) ·RX
)0.2
η−0.050 ·XR (1.1.12)
XR = 8.8 · 4
√
Ra
dp1
(1.1.13)
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Schlenk
One of the most well known average coeﬃcient of friction models for gears was
proposed by Schlenk et al. [48]. This model is simple and relies on key parameters such
as operating conditions, gear geometry, surface ﬁnish and lubricant characteristics.
One of the main advantages of this model is that given a proper lubricant factor
XL it can be used to predict the average coeﬃcient of friction between meshing tooth
pairs for diﬀerent base oils and addictive packages. Fernandes et al. [2,21] have done
extensive experimental work in a FZG test rig to ﬁnd the lubricant parameters for
diﬀerent wind turbine gear oils.
The Schlenk et al. [48] formulation for the average coeﬃcient of friction is presented
in equation (1.1.14).
µSmz = 0.048 ·
(
Fbn
l ·RX · (U1 + U2)
)0.20
· η−0.050 ·R 0.25a ·XL (1.1.14)
In Schlenk's equation (1.1.14) Ra is the arithmetic mean roughness and XL is
the lubricant correction factor (XL = 1 for non-additised mineral oils in mixed ﬁlm
lubrication).
l = α · b
cos(βb)
(1.1.15)
ISO 6336
The expression proposed by ISO [49], equation (1.1.16), usually yields higher than
expected values for the coeﬃcient of friction. This formula has the same structure,
yet diﬀerent exponents, from the one proposed by Michaelis [47] and later by Schlenk
[48].
µISOmz = 0.143 ·
[
FN/b ·Ra
RX · η0 · (U1 + U2)
] 1
4
(1.1.16)
Hai Xu
Hai Xu, [53] proposed a coeﬃcient of friction based on results obtained with an
EHD model (numerical results) that was validated with experimental traction curves.
After validation, the model was ran ≈ 10000 times varying diﬀerent operating condi-
tions. These results were then ﬁtted using a custom function based on key parameters
as represented in equation (1.1.17). Table 1.2 shows the range of operating conditions
used in the EHD model simulations in order to derive the coeﬃcients in Table 1.3.
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µXu = ef(SR,Ph,ν0,S)P b2h |SR|b3 V b6e µb70 Rb8 (1.1.17)
f(SR, Ph, ν0, S) = b1 + b4 |SR|Ph log10(ν0) + b5e−|SR|Ph log10(ν0) + b9eS (1.1.18)
Table 1.2.: Range of the parameters used in the parametric study [53].
Lubricants 75W90 gear oil
Inlet temperature, ◦ C 50 - 110
Radius of curvature (RX), m 0.005 - 0.08
Entraining velocity (Ve), m/s 1 - 20
Slide-to-roll ratio (SR) 0.005 - 1.0
Surface roughness (S), µm 0 - 0.4
Maximum Hertzian pressure (Ph), GPa 0.5-2.5
Table 1.3 shows the coeﬃcients b1 to b9 that go in equations (1.1.17) and (1.1.18).
Table 1.3.: Coeﬃcients for the EHL based formula, [53].
b1 -8.916465 b2 1.03303 b3 1.036077
b4 -0.354068 b5 2.812084 b6 -0.100601
b7 0.752755 b8 -0.390958 b9 0.620305
Doleschel
Doleschel [22,50] deﬁned the coeﬃcient of friction in a gear mesh as a combination
of boundary ﬁlm friction µDbl and a portion of ﬂuid ﬁlm friction µ
D
EHD.
µDmz is then deﬁned as a weighted linear combination of the boundary and ﬂuid
ﬁlm lubrication based on the analysis of the relative ﬁlm thickness, Λ. The weight
factor, φD, is deﬁned as the portion of ﬂuid friction.
The friction coeﬃcient in a gear mesh µDmz is then deﬁned according to equa-
tion(1.1.19). In this equation µDmz is the mixed friction coeﬃcient, µ
D
bl is the boundary
friction coeﬃcient, µDEHD is the ﬂuid friction coeﬃcient and φ
D is the portion of ﬂuid
ﬁlm friction.
µD = (1− φD) · µDbl + φD · µDEHD (1.1.19)
The portion φD of ﬂuid and solid friction depends on the relative ﬁlm thickness Λ
in the contact as expressed by equation (1.1.20). Figure 1.4 shows a representation
of φD equation (1.1.20).
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φD =

Λ− 0.25 · Λ2, for Λ < 2
1, for Λ ≥ 2
(1.1.20)
The boundary friction coeﬃcient and the ﬂuid friction coeﬃcient can be derived
from experimental results in FZG-VA tests, [22,50].
Matsumoto
Recently S. Matsumoto et al. [51] suggested a new experimentally validated for-
mula for the coeﬃcient of friction under mixed lubrication conditions which was an
advancement of a previous work by the same author [54].
Matsumoto's formulation is based on boundary (µMtobl ) and full ﬁlm (µ
Mto
EHD) coef-
ﬁcients of friction which are combined using a sharing function that depends on the
speciﬁc ﬁlm thickness. Equations (1.1.21), (1.1.22) and (1.1.23) are the model pro-
posed by Matsumoto et al. [51]. In these equations µMto is the coeﬃcient of friction,
φMto is the sharing parameter, Rzi is the maximum height of the surface roughness
of body i and h0 is the EHD minimum ﬁlm thickness.
µMto = µMtoEHD · (1− φMto) + µMtobl · φMto (1.1.21)
φMto =
1
2
· log (DMto) (1.1.22)
DMto =
Rz1 +Rz2
h0
(1.1.23)
The main innovation in this formulation was the consideration of the maximum
height of the surface roughness (Rz) instead of the average roughness. Figure 1.4
shows a representation of φMto equation (1.1.22).
Fernandes
Recently Fernandes et al. [52] proposed a new set of equations for the estimation of
the CoF in gears. The model is based on a load sharing function approach which was
based on a modiﬁed Hersey parameter. This new formulation includes the inﬂuence
of the pressure-viscosity oil parameter. The results that were obtained with this
approach correlate very well with previous existing experimental results.
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According to Fernandes et al. [52] two diﬀerent formulations are proposed, a global
average CoF (1.1.24) and a local (1.1.27) CoF.
µFermz = 0.014
(
Sg
Sp
)1/4
·XL (1.1.24)
Sg =
Ra
(RX · α · bcosβb )1/2
(1.1.25)
Sp =
(U1 + U2) · η0 · α1/2
F
1/2
N
(1.1.26)
µFer = µFerbl · (1− φFer) + µFerEHD · φFer (1.1.27)
φFer =
1
2
· log (Sp · Sg × 109) (1.1.28)
Both formulations take into account the key parameters in what regards semi-
empirical CoF formulations. These parameters rely on two non-dimensional quantit-
ies Sg (1.1.25) and Sp (1.1.26) which can be correlated with the CoF and the speciﬁc
ﬁlm thickness, Λ. µFerEHD and µ
Fer
bl are properly obtained from experimental results.
The equation that was proposed for the constant and average CoF has an interesting
advantage compared to other equations found in the literature, it uses the same XL
as the one found in Schlenk's equation (1.1.14). Schlenk's work was recently adopted
in the ISO standard 14179-2 [52]. In the majority of the cases the equation proposed
by Fernandes et al. (1.1.24) yields results which are very close to the ones obtained
with Schlenk's equation 1.1.14, generally closer to the experimental results [52].
Figure 1.4 shows a comparison of the partition functions for the portion of ﬂuid and
solid friction in an EHD contact. [52]. The range of parameters that was considered
is presented in table 1.4.
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Table 1.4.: Geometrical properties and operating conditions range [52].
Property Lower value Upper value
Ra [µm] 0.181 0.906
Rz [µm] 1.845 9.225
b [mm] 10 50
RX [mm] 4.2 12.57
η [mPas] 3.9 97.5
α [Pa−1] 0.839×10−8 2.096×10−8
US [m/s] 0.432 8.63
Fbn [N] 2000 8000
Sp
∗ [-] 1.7×10−9 2.7 ×10−6
Sg
∗ [-] 7.2 ×10−6 1.4 ×10−4
∗ Resulting from combination of values above.
10−2 10−1 100
0
0.2
0.4
0.6
0.8
1
Λ [−]
[−]
Doleschel
Matsumoto
Fernandes
10−13 10−12 10−11 10−10
0
0.2
0.4
0.6
0.8
1
Sp × Sg [−]
[−]
Doleschel
Matsumoto
Fernandes
φ 
φ 
Figure 1.4.: Comparison of the partition functions for the portion of ﬂuid and solid
friction in an EHD contact. [52].
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1.2. Power loss due to ﬂuid-body interactions
For dip lubricated gears, oil churning is a major source of power loss which is
related to the ﬂuid circulation generated by rotating gears partly immersed in the
air-lubricant mixture [22, 28, 55, 56]. The power loss due to dip lubricated gears can
be subdivided in multiple components: windage, churning and squeezing.
The windage power losses arise due to the interaction of a mechanical component
and a single phase ﬂuid that can be either air or lubricant. These losses evolve with
rotational speed and become signiﬁcant only for high tangential speeds or for ﬂuids
with high viscosity grades and densities.
The churning losses are similar to the windage losses, but involve at least two
phases. These losses are the most important load independent power losses in geared
transmissions: the majority of the gearboxes, in fact, are dip lubricated and, therefore,
subjected to churning losses.
The squeezing power losses are losses of a lower order of magnitude and arise
due to the fact that the cavity between two teeth is reducing its volume during the
engagement causing pressure gradients and therefore, additional ﬂuxes.
Terekhov [57] studied the gear churning losses caused by high viscosity lubricants
(200 to 2000 cSt) at low speeds and tested gears with modules ranging from 2 to 8 mm.
Later, in 1983, Lauster and Boos [58] presented the results on their studies about gear
churning losses in truck transmissions. Boness [59] studied the churning loss caused
by discs rotating in water or oil. Höhn et al. [28] presented a viscosity independent
single ﬂow regime model for the gear churning losses caused by a pinion/wheel pair.
Seetharaman et al. [60] proposed a physic-based ﬂuids mechanics model to predict
the no-load power losses due to churning and windage.
More recently Changenet et al. [55,56] deducted from dimensional analysis a set of
equations to calculate a dimensionless gear drag torque. These equations are selected
according to diﬀerent ﬂow regimes dependent on a critical Reynolds number (related
to the ﬂow nature) and a centrifugal acceleration parameter (related to ﬂuid projec-
tion by the rotating gears). These authors have also reported that there is a relation
between lubricant aeration and gear churning loss [61]. In another work, Changenet
et al. [62] veriﬁed that the internal housing geometry of a gearbox signiﬁcantly inﬂu-
ences the churning loss behaviour.
In Changenet's gear churning loss model [55] the torque loss is given by equation
(1.2.1).
Cch =
1
2
· ρoil · ω2 · r3p · Sm · Cm (1.2.1)
Cm (equation (1.2.1)) is the drag dimensionless group, Sm the immersed surface
of the pinion/wheel, (ﬂank and teeth), rp the pinion reference radius, ω the angular
frequency and ρoil the bulk density of the lubricant at the working temperature.
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Figure 1.5.: Geometrical data of the gear immersed surface [55].
The dimensionless drag group was derived by dimensional analysis using the
Vashy-Buckingham theorem [55,56]. Then the dimensionless drag group is expressed
according to equation (1.2.2).
Cm = ψ1 ·
(
h
dp
)ψ2
·
(
V0
d3p
)ψ3
Frψ4 ·Reψ5c ·
(
b
rp
)ψ6
(1.2.2)
The ψi (equation (1.2.2)) coeﬃcients are derived from experimental results. The
ψi numerical values depend on the working conditions, and four sets of coeﬃcients
(depending on the nature of the ﬂow regimes), are used depending on the value of
the centrifugal acceleration parameter (1.2.3).
γ = ω2 · (rp · b ·m) 13 (1.2.3)
The Froude (Fr) and critical Reynolds (Rec) numbers are deﬁned according to
equations (1.2.4) and (1.2.5).
Fr =
rp · ω2
g
(1.2.4)
Rec =
rp · b · ω
ν0
(1.2.5)
The Cm parameter used for each ﬂow conditions depends not only on the centrifu-
gal acceleration (γ, equation (1.2.3)), but also on the critical Reynolds number (Rec,
equation (1.2.5)), as it follows:
a) if γ < 750 m/s2 and Rec < 4000
Cm = 1.366 ·
(
h
dp
)0.45
·
(
V0
d3p
)0.1
· Fr−0.6 ·Re−0.21c ·
(
b
rp
)0.21
(1.2.6)
b) if γ < 750 m/s2 and Rec > 4000
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Cm = 0.239 ·
(
h
dp
)0.45
·
(
V0
d3p
)0.1
· Fr−0.6 ·
(
b
rp
)0.21
(1.2.7)
c) if γ > 1250 m/s2 and Rec < 4000
Cm = 20.797 ·
(
h
dp
)0.1
·
(
V0
d3p
)−0.35
· Fr−0.88 ·Re−0.21c ·
(
b
dp
)0.85
(1.2.8)
d) if γ > 1250 m/s2 and Rec > 4000
Cm = 3.644 ·
(
h
dp
)0.85
·
(
V0
d3p
)−0.35
· Fr−0.88 ·
(
b
dp
)0.85
(1.2.9)
It should be noted that an interpolation between the equations should be per-
formed when 750 m/s2 < γ < 1250 m/s2.
This model is usually applied to spur gears, but it can be extended to helical gears.
In this way the geometrical parameter that accounts for the immersed surface of the
pinion (Sm) [55] is deﬁned according to equation (1.2.10).
Sm = r
2
p · (2θ − sin 2θ) + db · θ + 2 ·
z · θ ·Htooth · b
pi · cosα · cos β (1.2.10)
The θ angle in equation (1.2.10) is calculated according to Figure 1.5. Finally to
obtain the churning power loss on a single pinion the churning torque loss, (Cch) is
multiplied by the angular speed, (ω), resulting on equation (1.2.11).
PV Z0 = Cch · ω (1.2.11)
According to Changenet et al. [55, 56] the total churning power losses on the
gearbox are calculated as the sum of the individual losses on each pinion/wheel.
This method was demonstrated to give good results for pinion/wheel pairs rotating
clockwise, ﬁgure 1.6. When working at a counter-clockwise rotation additional loss
mechanisms appear making inappropriate to estimate the churning power loss as the
sum of the individual losses on each gear pair [55,56].
From a physical point of view, Changenet et al. [55, 56], pointed out that this
diﬀerence is probably due to the trapping of lubricant by meshing teeth and by a
swell eﬀect, see ﬁgure 1.7, which dissipates energy and increases the immersion depth
of the pinion.
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Figure 1.6.: Deﬁnition of the senses of rotation of a gear pair [55, 56].
Figure 1.7.: Schematic representation of the swell eﬀect [55,56].
This variation in the churning loss due to swell eﬀect is expressed in terms of a
dimensionless variation of the churning torque ∆Cm and ∆PV Z0 is sought under the
form of equation (1.2.12) in which all the geometrical data are those of the gear.
∆PV Z0 =
1
2
· ρ · ω3 · r3p · Sm ·∆Cm (1.2.12)
From the experimental results, Changenet et al. [55, 56] drawn the following con-
clusions:
• For isothermal conditions the viscosity of the lubricant has a weak inﬂuence on
∆PV Z0 and the Reynolds number is discarded in the formulation.
• ∆PV Z0 is sensitive to angular frequency thus making it proportional to Frψ7
• For identical pinions and gears, no swell eﬀect can be generated due to sym-
metry. In these conditions ∆PV Z0 is found to be close to zero, thus demonstrat-
ing that the air-lubricant trapping by the teeth is negligible and consequently
proving that the swell eﬀect is prominent.
After these conclusions ∆Cm was derived according to equation (1.2.13).
∆Cm = 17.7 · Fr−0.68 · u− 1
u8
·
[
1−
(
h
rp
)
gear
]
(1.2.13)
Changenet et al. [55] obtained good correlations between numerical and experi-
mental results using this model. Since these equations do not take into account the
aeration of the lubricant (presence of air in the lubricant manifested by the produc-
tion of a signiﬁcant number of very ﬁne spherical air bubbles increasing the churning
loss) on the oil sump during operation, some deviations between the experimental and
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numerical results at higher speeds and/or temperatures above 55 ◦C are expected for
certain lubricants [61].
In recent years, with the increasing computing power of desktop computers, CFD
is becoming a more and more attractive approach to solve this kind of problems.
Recently Concli et al. [63] proposed a solution for the problem of the churning
power loss in a planetary speed reducer which was based in a CFD approach, with
promising results, but even with the current CFD models it is not possible to simulate
all the relevant eﬀects at once.
The majority of the works presented on this topics are results of experimental
tests [55, 56, 5861, 64]. Sometimes from the experimental results a semi-analytical
formulation is also derived. The problem of all of these calculation methods is that
they are accurate as long as the real operating conditions are similar to the condi-
tions of the experiments. Furthermore, these models usually neglect some important
inﬂuencing parameters.
Despite being demonstrated in several works [7,55,58] that most of the gear churn-
ing loss models usually yield quite diﬀerent results when applied to the same gearbox
and that they are valid for a very small set of conditions at the same operating condi-
tions, it is still worthy to study previous attempts of gear no-load loss formulations,
since this exercise can prove to be quite useful in what regards gaining more insight
about the main inﬂuencing eﬀects in this type of gear losses.
According to the several works that were referenced in this section there are three
main groups of factors that inﬂuence gear no-load losses:
• Lubricant oil properties and lubrication method;
• Operating conditions;
• Gearbox design.
Lubricant properties like kinematic and dynamic viscosity as well as density at
the operating conditions play a vital role in these types of losses. Other properties
like surface tension which are often disregarded can also be quite important. It has
been shown [61] that surface tension is related to bubble formation (aeration) in dip
lubrication which is associated with increased no-load power losses. Oil immersion
depth is also an important variable in dip lubrication.
The lubricant temperature, deﬁning factor for the operating lubricant properties is
in one way or another deﬁned by the operating conditions. Furthermore, the motion
of the rotating components in the gearbox, between other things, is a very important
factor in deﬁning the ﬂow regime which is tied to the no-load power loss due to
lubricant circulation.
One other factor that plays a fundamental role in the way that the lubricant ﬂows
is the gearbox design, i.e. internal design of the gearbox and surface roughness, shafts
and gear arrangements.
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More recently [65] it was shown that there are some other variables that greatly
inﬂuence the no-load torque loss. The experiments performed by S. Chen et. al. [65]
and Changenet et. al [62] showed that adding deﬂectors and plates to the gearbox in-
ternal design can be a tool to manipulate the oil ﬂow within a gearbox thus modifying
the no-load loss. In the same series of experiments Chen [65] also demonstrated that
the Steady-State Oil Surface Proﬁle (SOSP) is a very important factor for the gear
churning problem since it is the steady-state shape of the oil ﬂow thus determining
the immersion depth of the components which was previously pointed out as a very
important factor.
Oil trapping and squeezing no-load losses are disregarded in some works which
can be quite important in some situations [60].
1.3. Power loss in rolling bearings
Rolling bearings which support the loadings transmitted by the gears through the
shafts. Depending on the type, transmitted loads and design constraints diﬀerent
types of rolling bearings can be found in a gearbox, such as:
• Deep Groove ball bearings (DGBB);
• Cylindrical roller bearings (CRB);
• Tapered roller bearings (TRB);
• (Full complement) Needle roller bearings (FC - NRB).
The important role of rolling bearing power loss in machines have attracted many
researchers to try to identify and model the power loss mechanisms in rolling bear-
ings.
Tapered roller bearings can promote much higher power loss than other types of
bearings, and those losses vary substantially with the pre-load.
Bearing manufacturers usually provide straight methods to calculate the power
loss generated by the rolling bearings. The models employed to do such predictions
are usually derived from large amounts of experimental data.
1.3.1. Coulomb model
In experimental tests the total frictional torque of a rolling bearings is measured. A
global coeﬃcient of friction formula can be devised based on the Coulomb approach.
Equation (1.3.1) is the statement of this approach.
µrolCou =
M rol
F · dbore/2 (1.3.1)
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where
F =
√
F 2r + F
2
a (1.3.2)
Hundreds of experimental tests with diﬀerent lubricants at diﬀerent conditions
and rolling bearing dimensions can be performed in order to ﬁnd an average µrolCou for
a given rolling bearing type. Such values for µrolCou are usually given in tables by the
rolling bearing manufacturers like SKF [66]. Eschmann also proposes such tables in
one of his works [29].
1.3.2. Old SKF model (Modiﬁed Arvrid Palmgren)
The torque loss in a rolling bearing [28] is assumed to be the sum of the load
(M rol1 +M
rol
2 ) and no-load (M
rol
0 ) torque loss sources, equation (1.3.3). Such approach
was ﬁrst proposed by Arvrid Palmgren [29].
M rol = M rol0 +M
rol
1 +M
rol
2 (1.3.3)
The frictional torque M rol0 results mainly from the lubricant friction, but also
from the rolling element friction in the cage pockets and the cage friction at its guide
surfaces. M rol0 depends predominantly on the operational viscosity of the lubricant
(ν0), the speed (n), the design (f0 ) and size of the bearings (dm). Equations (1.3.4),
(1.3.5) were found to be in agreement with experimental ﬁndings [28]
for ν0 · n < 2000 mm2/s·min:
M rol0 = 1.6× 10−8 · f0 · d3m (1.3.4)
for ν0 · n ≥ 2000 mm2/s·min:
M rol0 = 10
−10 · f0 · (ν0 · n)2/3 · d3m (1.3.5)
The frictional torque M rol1 results mainly from the rolling and sliding friction. It
hardly changes with the speed, but changes considerably with the rolling element
pressure and therefore load. It is additionally inﬂuenced by the design (f1) and size
(dm) of the rolling bearing. M rol1 can be calculated according to equation (1.3.6)
[28].
M rol1 = 10
−3 · f1 · F · dm (1.3.6)
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The frictional torque M rol2 results mainly from the contact between the faces of
the rolling elements and the edges of the inner and outer rings due to axial loads.
M rol2 = 10
−3 · f2 · Fa · dm (1.3.7)
The f0, f1 and f2 coeﬃcients in equations (1.3.4), (1.3.5),(1.3.6) and (1.3.7) were
obtained experimentally and reference values can be consulted in ref. [28].
1.3.3. New SKF friction torque model (2004)
For several years the approach presented in the previous subsection was considered
the standard (used by various rolling bearing manufacturers) regarding rolling bearing
power loss prediction. Recently SKF [66] introduced a more advanced model to
predict the power loss in rolling bearings. Fernandes et al. [1,5,6769] have presented
several works were the model is applied to experimental results in rolling bearings
lubricated with wind turbine gear oils.
According to SKF [66] the frictional torque M rol in a rolling bearing is composed
of four diﬀerent torque loss sources, Mrr is the rolling frictional torque, Msl is the
sliding frictional torque, Mseal is the frictional torque of the seal(s) and Mdrag is
the frictional torque of drag losses, churning, splashing etc. Equation (1.3.8) is the
mathematical statement of the total torque loss in a rolling bearing [66].
M rol = Mrr +Msl +Mseal +Mdrag (1.3.8)
The total bearing power loss is then deﬁned according to equation (1.3.9).
PV L = M
rol · n · pi
30
× 10−3 (1.3.9)
On each one of the following subsections each one of the individual components
stated above will be more closely deﬁned.
Rolling frictional torque
The rolling frictional torque is calculated according to equation (1.3.10). Grr de-
pends on the loading conditions, bearing type and mean diameter. The kinematic
viscosity of the lubricant (ν0) and the angular speed (n) are also important paramet-
ers.
Mrr = φish · φrs ·Grr · (ν0 · n)0.6 (1.3.10)
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Furthermore, in order to more closely follow the real behaviour of the rolling
bearing, additional eﬀects should be considered. Between these eﬀects the considered
ones are:
• Inlet shear heating reduction;
• Replenishment/starvation speed eﬀects for oil-spot, oil jet, grease and low level
oil bath lubrication;
• Mixed lubrication for low speeds and/or low viscosities.
In order to account for the aforementioned eﬀects the rolling frictional torque
should be multiplied by two correction factors, the inlet shear heating reduction
factor φish, and the kinematic replenishment/starvation reduction factor φrs.
When suﬃcient lubricant is available in the rolling bearing, not all of it can go
through the contacts since only a tiny amount of lubricant is used to build up the
ﬁlm thickness. The excess lubricant will form a separated reverse ﬂow bubble that by
shearing eﬀects will produce heat and by consequence will lower the viscosity of the
lubricant entering the contact. For the eﬀect described above, the inlet shear heating
reduction factor can be obtained approximately from equation (1.3.11).
φish =
1
1 + 1.84× 10−9(n · dm)1.28 · ν0.640
(1.3.11)
Due to the rolling bearing speed or high viscosity, the lubricant at the edges of the
contacts might not have enough time to replenish the raceways, this eﬀect is called
kinetic starvation and causes a drop in the ﬁlm thickness and in the rolling frictional
torque. For the conditions described above the kinematic replenishment/starvation
reduction factor can be obtained approximately from equation (1.3.12). It depends
on the kinematic replenishment/starvation constant (Krs) and the on rolling bearing
and geometry (KZ , D, d).
φrs =
1
e
krs·ν0·n·(d+D)·
√
kz
2·(D−d)
(1.3.12)
Sliding frictional torque
The sliding frictional torque is calculated according to equation (1.3.13). Gsl
depends on the loading conditions, rolling bearing type and mean diameter. The
sliding coeﬃcient of friction (µsl) is also a very important factor.
Msl = Gsl · µSKFsl (1.3.13)
21
1. Classical Gearbox Powerloss Model
The sliding friction coeﬃcient µsl can be calculated according to equation (1.3.14).
µSKFEHD is the full ﬁlm coeﬃcient of friction and µbl is the boundary coeﬃcient of
friction. φbl is the weighting factor for the sliding coeﬃcient of friction and can be
calculated according to equation (1.3.15). µSKFEHD and µ
SKF
bl have reference values that
are recommended by SKF [66]. In a series of recent works Fernandes et al. [1, 46]
showed that the reference µSKFbl and µ
SKF
EHD are often overestimated by SKF [66]. The
process of obtaining more accurate µSKFbl and µ
SKF
EHDfor a speciﬁc lubricant was also
described in the same set of works.
µSKFsl = φbl · µSKFbl + (1− φbl) · µSKFEHD (1.3.14)
φbl =
1
e2.6×10−8·(n·ν0)1.4·dm
(1.3.15)
Drag losses in oil bath lubrication
In oil bath lubrication, the rolling bearing is partially, or in special situations,
completely submerged. Under these conditions the size and geometry of the oil reser-
voir together with the oil level used can have a substantial impact on the bearing
friction torque. Depending on the rolling bearing type, SKF [66] suggests equations
(1.3.16) and (1.3.17) for the drag losses in ball and roller bearings respectively.
M balldrag = 0.4 ·VM ·Kball ·d5m ·n2 +1.093 ·10−7 ·n2 ·d3m ·
(
n · d2m · ft
υ
)−1.379
·Rs (1.3.16)
M rolldrag = 4·VM ·Kroll·CW ·B·d4m·n2+1.093·10−7·n2·d3m·
(
n · d2m · ft
υ
)−1.379
·Rs (1.3.17)
In equations (1.3.16) and (1.3.17) VM is a variable that is a function of the oil level
and Kball and Kroll depend on the rolling bearing type (ball or roller).
Rolling bearing seal losses
The rolling bearing seals losses are deﬁned according to equation (1.3.18). The
constants KS1,2 and βR depend on the geometry and rolling bearing seal type.
Mseal = KS1 · dβrs +KS2 (1.3.18)
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1.4. Power loss in seals
In most applications, seal power losses represent a minor fraction of the total
power loss of a gearbox, and are almost negligible when compared to the losses of
other components.
Croes et al. [70] suggested that the frictional losses in sealing elements is a problem
that is yet to be fully understood. The contact zone is quite small and the micro-
scopic phenomena is not easy to parametrize. Equation (1.4.1) is one of the simplest
approaches.
PCV D =
1
2
· µseal · FR · dsh · ω (1.4.1)
In equation (1.4.1) the main problem is in obtaining the correct radial force FR
and the coeﬃcient of friction µseal (which are interconnected). The frictional torque
resulting from this radial load is only a part of the total friction loss at the seals.
Type of atmosphere being sealed, pressure diﬀerential across the seal, tangential
speed, ambient temperature and the lubricant and method of lubrication are just
some of the parameters that inﬂuence the seals losses.
Another very well known approximation suggested by Simrit (a seal manufacturer)
is given in equation (1.4.2) [28,71].
P SV D = 7.69× 10−6 · d2sh · n (1.4.2)
In equation (1.4.2) dsh is the shaft diameter and n is the shaft rotational speed.
The seals power loss is independent of the transmitted torque, being the major
inﬂuences the seal design, operating speed and the shaft diameter. It is very likely
that equation (1.4.2) needs to be adjusted to account for diﬀerent seal materials as
well as diﬀerent lubricants [28].
Linke [72,73] developed a variation of the Simrit formula (equation (1.4.2))to take
into account diﬀerent oil viscosities (equation (1.4.3)).
PLV D = [145− 1.6 · TOil + 350 · log log (ν40 + 0.8)]× 10−7 · d2sh · n (1.4.3)
Kettler [73,74] also developed a formula (equation (1.4.4)) that takes into account
the inﬂuence of oil viscosity in the seals losses.
PKVD = 7.9163× 10−6 · FD · d2sh · n (1.4.4)
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Figure 1.8.: Friction loss on a seal for a SAE 20 engine oil at T = 100 ◦C [71].
In equation (1.4.4) FD represents the eﬀect of the temperature dependent viscosity
change.
More recently Bauer et al. [75] performed experimental studies on the power loss of
lip seals and its inﬂuencing parameters. Bauer has concluded that in addition to the
aforementioned inﬂuencing parameters shaft wear at the sealing contact also plays an
important role in seal friction. According to Bauer et al. [75] it is almost impossible to
accurately predict lip seal frictional losses, not only due to the very complex nature
of the problem but also because the losses can even be greatly inﬂuenced by the
assembling.
1.5. Power loss and thermal equilibrium
During operation a gearbox dissipates heat, which will be dissipated to the sur-
rounding environment. According to thermodynamics and as suggested by Höhn [28],
who developed an isothermal model, the mechanical energy that is dissipated by the
gearbox must be equal to the thermal energy that the surrounding environment re-
ceives at stabilized conditions, equation (1.5.1). This means that under thermal
equilibrium the power loss of the gearbox will be the same as the heat that is being
received by the surrounding environment of the gearbox (equation (1.5.1)).
PV = Q˙total (1.5.1)
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The main heat transfer mechanisms are conduction, convection and radiation,
equation (1.5.2).
Q˙total = Q˙cd + Q˙cv + Q˙rad (1.5.2)
The heat ﬂow by radiation from the surface of the gearbox housing can be calcu-
lated from equation (1.5.3).
Q˙rad = αrad · Arad · (Toil − Troom) (1.5.3)
The radiation heat transfer coeﬃcient αrad can be calculated according to equation
(1.5.4).
αrad = 0.23× 10−6 ·  ·
(
Toil − Troom
2
)3
(1.5.4)
In previous investigations Höhn et al. [28] showed that due to the movement of the
shafts, cooling air from the driving motor etc, real free convection is never veriﬁed
on practical applications.
The free convection coeﬃcient suggested on [28] is the empirical formula of equa-
tion (1.5.5).
αcnv,free = 18 · h−0.1ca ·
(
Toil − Troom
Troom
)0.3
(1.5.5)
Even for low air speeds there is a substantial increase on the convection heat
transfer coeﬃcient.
The heat transfer coeﬃcient for forced convection is then given by equation (1.5.6).
αcnv,forced = 8.6 · I−0.34x · V 0.64air (1.5.6)
When only part of the housing is subjected to an air ﬂow, the combined convective
transfer coeﬃcient can be determined from equation (1.5.7).
αcnv,combined = αcnv,free ·
(
1− Aair
Aca
)
+ αcnv,forced · Aair
Aca
(1.5.7)
The total heat transfer coeﬃcient is then the sum of various heat transfer coeﬃ-
cients (equation (1.5.8)).
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αHeat = αcnv,combined + αrad (1.5.8)
In order to take into account the heat dissipation due to conduction an increase on
convective and radiant areas might be considered. Some authors [28] suggest 1.5−2.5
times the respective areas.
The total heat dissipation from the housing surface is described by equation
(1.5.9).
Q˙total = Q˙cnv + Q˙rad (1.5.9)
Thermal conduction reﬂects the small amount of heat that is transferred to the
shafts, couplings and foundations of the gearbox. Convection and radiation comprise
the heat transfer that occurs through the external surface of the gearbox.
Höhn et al. [28] suggested then that the total heat ﬂow rate could be calculated
according to the equation (1.5.10).
Q˙total = αHeat · AHeat · (TOil − TRoom) (1.5.10)
In equation (1.5.10) αHeat is the heat transfer coeﬃcient (which takes into account
the heat transfer due to conduction, convection and radiation), AHeat is the external
area of the gearbox and TRoom is the room temperature.
To be noticed, is the fact that equation (1.5.10) does not take into account other
relevant characteristics of the surrounding air, such as relative humidity. Bearing in
mind that the speciﬁc heat of dry air and water vapour are, at atmospheric pressure:
• cpdry air = 1.01 kJ/kg◦C
• cpwater vapour = 1.84 kJ/kg◦C
It is not diﬃcult to understand that the relative humidity might be a relevant
factor in the relation between the stabilization temperature (TOil − TRoom) and the
total heat ﬂow rate, therefore and despite its simplicity equation 1.5.10 can only be
applied in very controlled environments.
Martins et al. [7681] performed an extensive campaign of experimental tests in
an FZG test rig at diﬀerent load stages and temperatures. A mechanical power loss
model was coupled to a thermal model with the aim of ﬁnding the coeﬃcients of
friction between the meshing tooth pairs.
More recently Changenet et al. [82, 83] presented a model based upon the ﬁrst
principle of thermodynamics for transient conditions where the gearbox is divided
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into lumped elements with a uniform temperature connected by thermal resistances
which account for the diﬀerent heat transfer mechanisms. This model uses a thermal
network approach coupled with the mechanical power loss model to obtain the tem-
perature distribution the gearbox. The power dissipated by each one of the compon-
ents in a gearbox is quite dependent of the average local temperature of the oil that
lubricates that same component, therefore this approach should yield better results
than the classical isothermal approach which considers just the oil sump temperature.
Figure 1.9 shows the thermal network of an FZG test rig [83].
1-Air
2-Lower part of the casing
3-Lateral part of the casing
4-Upper part of the casing
5-Oil sump
6, 7-Bearings on the pinion shaft
8, 9-Bearings on wheel shaft
10-Pinion shaft
11-Wheel shaft
12-Pinion
13-Gear
14-Meshing of gear teeth
Figure 1.9.: Thermal network of an FZG test rig [83].
1.6. Closure
Through the course of this chapter it has become apparent that there are many
solutions for the same power loss problems (gears, rolling bearings and seals). The
problem with many of these solutions is that the majority of the models have para-
meters that are lubricant dependent and the only known way to ﬁnd such parameters
is through experimental investigation so the results will then depend on the experi-
mental procedure. Some recent works [1, 2] presented a comprehensive way to calib-
rate the power loss models for gears and rolling bearings with application to a parallel
axis and a planetary gearbox [3, 9].
Several authors [22, 28, 46, 47, 49] already presented formulas based on empirical
studies that aim to provide an average and constant (sometimes adapted to ﬁnd the
local CoF) coeﬃcient of friction along the path of contact. As referred in chapter
1, Xu [53] proposed an experimentally validated formula derived from a very large
amount of numerical simulations that can be used to calculate the coeﬃcient of
friction along the path of contact in a meshing teeth pair. Recently the validity of
27
1. Classical Gearbox Powerloss Model
the coeﬃcient friction models based on sharing functions (boundary ﬁlm friction and
full ﬁlm friction) has been questioned [52].
One of the main deﬁciencies of any state of the art power loss models is in the
prediction of the no-load losses, where diﬀerent models applied to the same conditions
yield very diﬀerent results, diﬀerences of orders of magnitude between the models are
sometimes calculated. Experimental measurement of the gearbox no-load losses are
at this stage still the way to go.
Despite most of the time having a small role in the overall power loss, the prediction
of the seals losses is still a very diﬃcult task.
There are no deﬁnite answers to the question to which model is better, nor it was
sought here, some models work better in conditions were others fail and vice versa.
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2. Developments for a Gear Pair:
Load Sharing and Power Loss in
Meshing Gears
At nominal operating conditions the gear load dependent losses are usually the
main gearbox power loss component [2, 9, 22]. In its most general form the gear
load dependent losses depend on the local tooth load, local coeﬃcient of friction and
local sliding velocity, however the most common approach to gear eﬃciency usually
considers a constant and average coeﬃcient of friction, an input power and a gear
loss factor that mainly depends on load distribution and sliding velocity (section 1.1).
The gear loss factor is by deﬁnition obtained from the assumption of a constant and
average CoF along the path of contact (subsection 1.1.1). Multiple gear loss factor
formulations can be found in the literature [84]. These formulations were developed
considering diﬀerent assumptions and simpliﬁcations which limit the applicability of
such formulas [84].
In order to obtain more general and accurate methods of estimating gear load losses
some of the simplifying assumptions of some classical model gear power loss model
(equation (1.1.1)) must be disregarded. This implies that a local load distribution
model as well as local coeﬃcient of friction formulations (such as the one that Xu [53]
proposed) must be used.
Several works [8590] just to name a few, considering diﬀerent approaches already
dealt with the load sharing problem in meshing gears. Considering a load distribution
taking into account mesh stiﬀness will lead to a better understanding of not only the
power loss along the path of contact, but also allowing more reﬁned calculations of
the gear frictional losses. It can also contribute to explain the occurrence of certain
tooth ﬂank distress phenomena.
AGMA has suggested a solution for the load distribution in spur gears with un-
modiﬁed proﬁles (there is no tip or root relief), AGMA 925-A03 [85]. The formulation
presented in AGMA 925-A03 [85] (also known as the rule of 1/3− 2/3) is very well
known and it goes as it follows:
for 0 ≤ ξ < α − 1
FA925−03N (ξ) = Fbn ·
[
1
3
+
1
3
· 1
α − 1 · ξ
]
(2.0.1)
for α − 1 ≤ ξ ≤ 1
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FA925−03N (ξ) = Fbn (2.0.2)
for 1 < ξ ≤ α
FA925−03N (ξ) = Fbn ·
[
2
3
+
1
3
· 1
α − 1 · (1− ξ)
]
(2.0.3)
The previous formulation (equations (2.0.1) to (2.0.3)) is not adequate for ad-
dendum modiﬁed spur gears. Equations (2.0.1) to (2.0.3) are written as a function
of ξ which is deﬁned according to ﬁgure 2.5. Figure 2.1 shows the application of this
formulation to the FZG C40 gear (table 2.1).
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Figure 2.1.: AGMA 925-A03 load distribution for the FZG C40 gear (table 2.1).
In this chapter the load distribution problem is studied considering rigid and elastic
teeth while disregarding dynamic and Hertzian eﬀects. The load dependent Hertzian
non-linear eﬀects play a more important role in the mesh stiﬀness than in the load dis-
tribution where the non-linear eﬀect is diminished [86]. The results of each model are
analysed and compared. A generalized approach on gear power loss is also developed
and some results presented.
Three load sharing models were developed:
1. Quasi-static rigid model (analytical);
2. Quasi-static elastic model (analytical);
3. Quasi-static local elastic model (numerical-analytical).
The quasi-static rigid analytical model assumes that at a given position in the
path of contact the load per unit of length along a line of contact over a tooth is
constant. It is also assumed that the load per unit of length is the same between all
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meshing tooth pairs at a given position, therefore inversely proportional to the sum
of the lengths of the lines of contact. This ﬁrst formulation takes advantage of the
properties of an approximation of the Heaviside step function to obtain a continuous
description of the load distribution [16] based on the lengths of the lines of contact.
The quasi-static elastic model assumes that at a given position in the path of
contact the load per unit of length along a line of contact over a tooth is constant,
however the load per unit of length is not the same between all meshing tooth pairs at
a given position.This model takes the literature deﬁnition of stiﬀness and from there
based on the assumption of a rigid gear up to the base cylinder Heaviside functions are
combined with the single tooth pair mesh stiﬀness to obtain a description of the load
distribution. The single tooth mesh stiﬀness per unit of b/ cos(βb) was approximated
by a quadratic function.
In fact some authors [86,89] have already shown that the single tooth mesh stiﬀness
has an approximately parabolic/half-sine-wave shape for spur gears. Cai [86] suggests
equation (2.0.4) (here modiﬁed for the ξ coordinates, ﬁgure 2.5) for the single tooth
mesh stiﬀness along the path of contact normalized for the all teeth pair average mesh
stiﬀness along the path of contact. In one of his previous works, Rincon [86] took
kCai(ξ) (2.0.4) and combined it with the ISO 6336-1 average mesh stiﬀness (KISOm )
to describe the single teeth pair mesh stiﬀness for spur gears.
kCai(ξ) =
1
0.85 · α ·
[
−1.8
2α
· ξ2 + 1.8
α
· ξ + 0.55
]
(2.0.4)
Figure 2.2 shows the application of Cai's formulation (2.0.4) to the FZG C40
gear.
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Figure 2.2.: Cai's single tooth pair stiﬀness, kCai(ξ) (2.0.4), C40 gear (table 2.1).
The quasi-static local elastic model is based on the minimization of the total po-
tential energy of the gear system. This model can be viewed almost as an extension
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of the quasi-static elastic analytical model to the gear face width. Here the com-
pliance coeﬃcients were extracted using an open source FEM solver wrapped in a
custom code. The load balance including frictional forces was also introduced using
a Lagrange multiplier [15,16].
The proposed load distribution models will be tested with the diﬀerent gear geo-
metries presented in table 2.1. Figure 2.3 shows the plane of action tangent to the
base circles and then a local projection view that shows the contact lines in the plane
of action for three gear geometries (spur and helical gears). The C40 and H501 are
conventional spur and helical gear geometries, while the H951 is a low loss gear [2].
It should be noted that the C40 gear is like an FZG type C gear but with a face width
of 40 mm.
Table 2.1.: Geometrical parameters of the C40, H501 and H951 gears.
Gear type: C40∗ H501 H951
Driven Driving Driven Driving Driven Driving
Number of teeth (zi), [-] 16 24 20 30 38 57
Module (m), [mm] 4.5 3.5 1.75
Centre distance (a), [mm] 91.5 91.5
Pressure angle (α), [◦] 20 20
Helix angle (β), [◦] - 15
Face width (b), [mm] 40 23 23
Proﬁle shift (xz), [/] +0.1817 +0.1715 +0.1809 +0.0891 +1.6915 +2.0003
Addendum diameter (dai), [mm] 82.64 118.54 80.67 116.27 76.23 111.73
Transverse contact ratio (α), [/] 1.44 1.46 0.93
Overlap contact ratio (β), [/] - 0.54 1.08
Average roughness (Ra), [µm] ≈0.7 ≈0.35 ≈0.35
Material 16MnCr5 16MnCr5
∗ - FZG type C gear with a face width of 40 mm;
ω1M1
M2ω2
(a) C40.
ω1M1
M2ω2
(b) H501.
ω1M1
M2ω2
(c) H951.
Figure 2.3.: Gear geometry, plane of action and contact lines (geometric approach)
for the C40, H501 and H951 gear geometries in a multiplier conﬁguration.
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2.1. Quasi-Static Rigid Model
As previously introduced this model assumes that at a given position in the path
of contact the load per unit of length along a line of contact over a tooth is constant.
It also assumes that the load per unit of length is the same between all meshing tooth
pairs at a given position, therefore inversely proportional to the sum of the lengths of
the lines of contact. Therefore, before studying the load distribution one must ﬁrst
analyse the behaviour of the length of the lines of contact along the plane of action.
2.1.1. Considerations about the lines of contact and diﬀerent
gear species
In the meshing process the gear teeth are in contact along parallel lines that form
a plane which is at every instant normal to the surface of all meshing teeth. This
plane, the plane of action (PoA), is also tangent to both base cylinders [91].
In a spur gear, the contact lines are parallel to the lines that are tangent to the
plane of action and the base cylinder as represented in Figure 2.4a. In helical gears,
the contact lines are at an angle (base helix angle, βb) with the base cylinder tangency
lines as represented in Figures 2.4b and 2.4c.
Considering now that spur gears are the particular case of helical gears when the
helix angle is zero, then there can be three diﬀerent scenarios regarding the overlap
ratio, (β):
1. β = 0
2. β ≤ α
3. β > α
Figures 2.4 show these three diﬀerent scenarios, i.e., Figure 2.4a shows the lines
of contact for a spur gear, Figure 2.4b shows the lines of contact for an helical gear
with β ≤ α (lines of contact cover the entire tooth ﬂank width) and Figure 2.4c
also shows the lines of contact for an helical gear, but β > α (lines of contact never
cover all the tooth ﬂank length).
During the meshing process, there may be more than one teeth pair simultaneously
engaged. The lines of contact corresponding to more than one teeth pair simultan-
eously engaged are separated by a distance equal to the transverse base pitch (pbt)
from each other.
In the case of spur gears (β = 0) a meshing teeth pair enters the active section
of the plane of action and the line of contact has a length that is equal to the face
width of the gears (b).
In helical gears the meshing teeth pair gradually enters the path of contact and
the length of the contact lines show a linear increase from 0 up to a maximum and
then decrease back to 0 as it leaves the active section of the plane of action. This
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Figure 2.4.: Lines of contact for three diﬀerent gear geometries: (a) β = 0; (b)
β ≤ α; (c) β > α.
maximum can be either a plateau or a peak depending on the relationship between
β and α.
From these considerations, it is possible to deﬁne the length and the sum of the
lengths of the lines of contact along the active section of the plane of action.
2.1.2. Analytical description of the length of the lines of
contact
Let us consider a coordinate ξ that is the non-dimensional coordinate along the
path of contact (distance divided by the transverse base pitch, pbt), which is zero at
the starting line of the meshing action (ﬁgure 2.5).
M2
ω2
0
ξ⋅ pbt
Figure 2.5.: Deﬁnition of the ξ coordinates.
For spur gears the length of a contact line over a teeth is a constant, therefore a
teeth entering the plane of action can be viewed as a step like increment of constant
value in the function describing the sum of the length of contacting lines. The Heav-
iside function also known as the unit step function is then suited to describe such
phenomena.
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The Heaviside function can be approximated using equation (2.1.1). For a value
of k = 1000 the analytic approximation is in good agreement with the theoretical
Heaviside function. The interesting thing about using this approach is that there is
no need to deﬁne independent domains for each time a tooth pair enters or leaves the
contact. Equation (2.1.1) is the approximated Heaviside function (ﬁgure 2.6).
H(ξ) = lim
k→+∞
(
1
1 + e−2·k·ξ
)
(2.1.1)
h
−2 −1 0 1 2 3
0
0.5
1
1.5
ξ
H
(ξ)
Figure 2.6.: Approximation to the Heaviside function, equation (2.1.1).
The ratio of length of the contact line over a tooth to the face width for spur
gear geometries (β = 0) is always constant and equal to 1 in the active section of
the plane of action and 0 outside of it. This deﬁnes a function that has a shape
of square of unitary heigh and α length, which can be obtained by subtracting two
Heaviside functions shifted by α. T ls(ξ) (2.1.2) is the statement of such function
(ﬁgure 2.7a).
T ls(ξ) = H (ξ)−H (ξ − α) (2.1.2)
As previously referred it is known that there can be more than one pair of teeth
simultaneously meshing.The meshing pairs are shifted by a distance of pbt from each
other, which corresponds to a unit in the coordinate system ξ that was previously
deﬁned. So in order to obtain the line lengths of the other meshing pair simultaneously
in action one just needs to shift T ls(ξ) (2.1.2) back and forth by integer values i,
which yields Ulsi (ξ) equation (2.1.3) (ﬁgure 2.7b). From the deﬁnition of α and the
coordinate ξ it follows that these i integers must be:
i = − ﬂoor (α) : 1 : ﬂoor(α) (ﬂoor is rounding down).
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Ulsi (ξ) =
[
H(ξ − i)−H(ξ − α − i)
]
(2.1.3)
The length of the line of contact for a given tooth pair should only be deﬁned in
0 ≤ ξ ≤ α. Since T ls(ξ) (2.1.2) is a unit square function it can be used to trim and
bound Ulsi (ξ) (2.1.3) to the desired domain (0 ≤ ξ ≤ α). This results in equation
lsi (ξ) (2.1.4) which represents the bounded contact line length to gear face width ratio
in a spur gear for the meshing tooth pair i (ﬁgure 2.7c).
lsi (ξ) = Ul
s
i (ξ) · T ls(ξ) (2.1.4)
It then follows that the trimmed sum of the length of the lines of contact for
all active meshing teeth pairs, along the path of contact in a spur gear, is given by
equation Ls(ξ) (2.1.5)(ﬁgure 2.7d).
Ls(ξ) =
[
floor(α)∑
i=−floor(α)
Ulsi (ξ)
]
· T ls(ξ) (2.1.5)
The previous equations (equations (2.1.2) to (2.1.5)) are only valid for spur gears,
however for helical gears the thought process is the same. The main diﬀerence is in
li(ξ) (2.1.4). It should be noted here that instead of normalizing the line lengths to
the gear face width b, here the line lengths are divided by b/ cos(βb).
For helical gears a Heaviside function can be combined with linear functions to
yield the characteristic linear increment, decrement and the constant features of the
ratio of the length of a contact line over a single helical tooth per maximum line
length (b/ cos(βb)). Therefore it follows equation Ulhi (2.1.8) for helical gears. Figure
2.8 shows the application of Ulhi (ξ) (2.1.7) to a sample helical gear.
T lh(ξ) (equation (2.1.6)) is a function whose purpose is to trim the solution to the
desired domain 0 ≤ ξ ≤ α + β.
T lh(ξ) = H(ξ)−H(ξ − (α + β)) (2.1.6)
Ulhi (ξ) =
1
β
·
[
H(ξ − i)−H(ξ − β − i) · (ξ − β − i)
−H(ξ − α − i) · (ξ − α − i)
+H(ξ − (α + β)− i) · (ξ − (α + β)− i)
] (2.1.7)
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(a) Square trim function, T ls(ξ). (2.1.2).
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(b) Unbounded contact line length ratio (single
spur gear), Ulsi (ξ), (2.1.3).
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(c) Bounded contact line length ratio (single spur
gear), lsi (ξ), (2.1.4).
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(d) Sum of the lengths of the contact lines (spur
gear), Ls(ξ) (2.1.5).
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Figure 2.7.: Steps behind the Heaviside approach to the length of the lines of contacts
for spur gears.
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Figure 2.8.: Unbounded contact line length ratio (helical gear), Ulhi (ξ), (2.1.7).
lhi (ξ) = Ul
h
i (ξ) · T lh(ξ) (2.1.8)
where i = − ﬂoor(α + β) : 1 : ﬂoor(α + β) (ﬂoor is rounding down).
Equation (2.1.9) is the sum of the lengths of the contact lines for all active meshing
teeth pairs along the path of contact.
Lh(ξ) =
[ floor(α+β)∑
i=−floor(α+β)
Ulhi (ξ)
]
· T lh(ξ) (2.1.9)
2.1.3. Results
Figures 2.9 show the application of equations (2.1.4), (2.1.5) (2.1.8) and (2.1.9) to
the geometries presented in table 2.1.
In previous works Maatar and Velex et al. [92, 93] presented an analytical formu-
lation to describe the time-varying contact length between perfect involute spur and
helical gears. It was shown that the contact lengths could be expressed as Fourier
series.
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Figure 2.9.: Length of single lines of contact and the combined result for gears C40,
H501 and H951.
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Figures 2.10 compare the results for the diﬀerent gear geometries considering the
suggested continuous Heaviside approach with the formulation previously introduced
by Maatar et al. [92]. The k value in equation (2.1.1)) was kept at k = 1000 and 50
harmonics were considered for the Fourier based formulation. The Heaviside based
formulation produces well deﬁned and continuous transitions even for the case of spur
gears in the transition from one to two meshing teeth pairs (ﬁgure 2.10b). It should
be noted that even for spur gears the proposed formulation yields functions that are
continuous and analytically derivable. On the Maatar and Velex approach [92], even
for an high number of harmonics the transition is not as smooth as the proposed
Heaviside function approach, specially at the transition between diﬀerent meshing
tooth pairs, as observed in ﬁgure 2.10b.
In what regards helical gears, both methods yield very good and similar results.
The Fourier based approach proposed by Velex et al. has the advantage of producing
a continuous analytical curve for the sums of the lengths of the lines of contact for n
meshing periods, while the Heaviside approach is limited to a single meshing period,
0 ≤ ξ ≤ α + β.
2.1.4. Load Sharing
Following the deﬁnition of Lh,s(ξ) the load per unit of length over a tooth along
the active section of the plane of action is given by equation (2.1.10). Introducing
the notion of lh,si (ξ) the resulting normal load acting in a single tooth along the path
of contact is deﬁned according to equation (2.1.11).
fN(ξ) =
Mw
rbw
· 1
b · Lh,s(ξ) (2.1.10)
FNi(ξ) =
Mw
rbw · cos(βb) ·
lh,si (ξ)
Lh,s(ξ)
(2.1.11)
Equation (2.1.11) states that the load supported by a pair of contacting teeth is
a force, Mw
rbw·cos(βb) , multiplied by a sharing function. The load sharing function, is the
fraction between the length of the contact line over a tooth divided by the sum of
the lengths of the contacting lines of all contact pairs in a certain position along the
path of contact.
2.1.5. Results
Figures 2.11 show li(ξ)
L(ξ)
and 1
L(ξ)
for the diﬀerent gear geometries.
The diﬀerences in the load distribution functions are quite clear. The C40 geo-
metry (ﬁgures 2.11a and 2.11b) shows step like increases or decreases in the load
sharing functions whether a tooth enter or leaves the plane of action. The helical
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Figure 2.10.: Heaviside vs Fourier [92] formulation for sums of the lengths of the
contact lines for gears C40, H501 and H951.
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Figure 2.11.: Load sharing functions (rigid) for gears C40, H501 and H951 (quasi-
static rigid model).
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gears show progressively increasing or decreasing loads when teeth are leaving or en-
tering the plane of action which is a consequence of the progressive meshing due to
the helical angle. Even between the two helical gears (H501 and H951) some signi-
ﬁcant diﬀerences can be observed. Despite the meshing process being progressive on
both of these geometries the relations between α and β for these gear geometries
are quite diﬀerent which is reﬂected on the load distribution functions (Figures 2.11c,
2.11d and 2.11e, 2.11f). In the case of H951 β > α which means that the maximum
value that 1
L(ξ)
will take is above one because it is not possible to have a full line of
contact (b/ cos(βb)) over a tooth.
2.2. Quasi-Static Elastic Model
As previously stated this model assumes that at a given position in the path of
contact the load per unit of length along a line of contact over a tooth is constant,
however the load per unit of length is not the same between all meshing tooth pairs
at a given position due to elastic deformation.
Let's assume that the gear body is perfectly rigid up to the base cylinder. Lets
also assume that in a loaded gear the angular displacement of the base cylinder is
very small (dθ). Since the angular displacement of the base cylinder is very small the
length of the arc can be approximated by the displacement δb in the direction of the
plane of action.
From the literature deﬁnition of stiﬀness (here represented as KT (ξ)) and knowing
that the total normal force in the transverse plane is Fbt the linear displacement δb
is given by equation (2.2.1).
δb =
Fbt
KT (ξ)
(2.2.1)
For a given tooth pair the load that is supported by that individual pair, i, is the
δb displacement multiplied by the stiﬀness of that pair Ki(ξ), (equation (2.2.2)).
FKNi(ξ) = δb ·Ki(ξ) (2.2.2)
Therefore combining equations (2.2.1) and (2.2.2) (Fbt = Fbn/ cos βb)the load dis-
tribution for a spur gear in the normal plane can be found, equation (2.2.3).
FKNi(ξ) =
Ki(ξ)
KT (ξ)
· Fbn (2.2.3)
The ISO 6336-1 Standard [94] provides a formulation to calculate the maximum
single tooth mesh stiﬀness (KISOmax) for spur and helical gears with errors that deviate
from experimental tests between +5% and −8% for 100 ≤ Fbt/b ≤ 1600 N/mm.
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One can then deﬁne a function for the single tooth pair mesh stiﬀness per unit of
gear width (b/ cos(βb)), Kui (ξ) (2.2.4).
Kui (ξ) = k
u
i (ξ) ·
Kmax · cos(βb)
b
(2.2.4)
As previously stated the single tooth mesh stiﬀness Kui (ξ) can be approximated
by a quadratic function. Deﬁning the minimum mesh stiﬀness according to (2.2.5),
a fraction αk of the maximum stiﬀness, considering Kui (ξ) and the deﬁnition of ξ it
can be deduced that the unitary single tooth mesh stiﬀness can be written according
to equation (2.2.6).
Kmin = αk · Kmax · cos(βb)
b
(2.2.5)
kui (ξ) =
4 · (αk − 1)
(α + β)2
· (ξ − i)2 − 4 · (αk − 1)
α + β
· (ξ − i) + αk (2.2.6)
where i = − ﬂoor(α + β) : 1 : ﬂoor(α + β) (ﬂoor is rounding down).
Figure 2.12 shows the application of kui (ξ) (2.2.6) to the C40 gear, (αk = 4/5,
i = 0).
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k iu
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Figure 2.12.: kui (ξ) (2.2.6) (αk =
4
5
, i = 0) for the C40 gear (table 2.1).
An helical gear can be viewed as the sum of spur gear discs of inﬁnitesimal width.
Following the hypothesis of constant load along a line of contact, the previous deﬁn-
itions of Kui (ξ) (single tooth pair mesh stiﬀness per unit of b/ cos(βb)) and Ul
h,s
i
(single pair line length per b/ cos(βb)) the stiﬀness for the meshing pair i is described
by equation (2.2.7).
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Klh,si (ξ) = Ul
h,s
i (ξ) ·
b
cos(βb)
·Kui (ξ) · T lh,s(ξ) (2.2.7)
Since that multiple meshing teeth pairs are in parallel the total mesh stiﬀness is
given by the sum of the stiﬀness of those pairs according to equation (2.2.8).
KLh,s(ξ) =
[ floor(α+β)∑
i=−floor(α+β)
Ulh,si (ξ) ·
b
cos(βb)
·Kui (ξ)
]
· T lh,s(ξ) (2.2.8)
The load distribution (total load) is then given by equation (2.2.9).
FK
u
Ni (ξ) =
Klh,si (ξ)
KLh,s(ξ)
· Fbn (2.2.9)
If the load per unit of line length for a single tooth pair is assumed to be constant
along a single line of contact, the load per unit length for a single tooth pair along
the path of contact is given by equation (2.2.10).
fKuNi (ξ) =
FK
u
Ni (ξ) · cos(βb)
Ulh,si (ξ) · b
· T lh,s(ξ) (2.2.10)
Figure 2.13 shows the implementation of the quasi-static rigid and elastic gear
load distribution models (sections 2.1 and 2.2)
2.2.1. Results
Figures 2.14 show the single tooth and total mesh stiﬀness and ﬁgures 2.15 show
the load distribution and load per unit of length for the selected tooth geometries.
The results show that the diﬀerent gears have very diﬀerent mesh stiﬀness and load
distributions.
The mesh stiﬀness of the C40 gear has quite abrupt variations. In the transition
from two to one single pair of meshing tooth the mesh stiﬀness falls to about half of
what was veriﬁed for two meshing tooth pairs. The H501 shows a diﬀerence between
the maximum and the minimum stiﬀness of the same order of magnitude as the C40,
however this variation is gradual and smooth. The gear with the most constant and
smooth mesh stiﬀness is the H951, which shows an almost constant mesh stiﬀness
along the path of contact.
The mesh stiﬀness evolution along the path of contact greatly inﬂuences not only
the load distribution, but also the dynamic behaviour of the gear.
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Gears;
Lubricant;
Operating conditions;
Pre-pocessing
Gears parameters;
Ratios;
Data Input
Define the Heaviside step function: 
  = lim
→	


	
;
Calculate ();
Assemble   ;
Graphical outputs;
Save relevant variables;
Quasi-Static rigid
Load per unit of contact line length 
of length along the PoC/PoA:
  ;
Total load along the PoC:
  ;
End
Calculate  (ISO 6336-1) ;
Define  single mesh stiffness:

() and 
,!
();
Assemble ,!  ;
Quasi-Static Elastic
Load per unit of contact line length 
of length along the PoC/PoA:

"#  ;
Total load along the PoC:
$
"#  ;
Figure 2.13.: Software implementation of the gear load distribution models presented
in sections 2.1 and 2.2.
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Figure 2.14.: Single and total mesh stiﬀness for gears C40, H501 and H951 (quasi-
elastic rigid model).
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Figure 2.15.: Load sharing for gears C40, H501 and H951 (quasi-elastic rigid model).
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2.3. Quasi-Static Local Elastic Model
The geometry of gear teeth is quite complex, therefore, the usage of numerical
methods to study the load distribution along the path of contact is viewed as a
possibility. In this third approach the dynamic eﬀects will be disregarded, it will also
be assumed that the deformation of the teeth is so small that the geometry of the
teeth is the same in spite of the elastic deformation.
The torque (Mw) that is transmitted by the driven gear is assumed constant.
Several unit forces are distributed over the tooth ﬂank in such a way that at the
contact lines these unit forces are in the plane of action and perpendicular to the
tooth surface, (Figure 2.16). Taking advantage of ﬁnite element codes it is possible
to obtain the displacements in the points of interest when the unit loads are applied.
This process should be repeated for the driven and driving gears in order to obtain
the displacement ﬁelds.
In order to obtain the displacement matrix in the direction of interest the vector
formed by the components of the displacement that are given by the FEM code
must be projected in a direction perpendicular to the tooth surface, which is the dot
product between the displacement vector and the correspondent unit force vector.
Let the ﬂexibility coeﬃcient represented by aij be deﬁned as the displacement in
i due to a unit force applied in j. Due to the linear nature of this kind of problems,
the displacement δ in i due to any force Fj is given by equation (2.3.1).
δij = aijFj (2.3.1)
The displacement in i due to a combination of normal loads in other points j can
be calculated by superposition of eﬀects, equation (2.3.2).
δi =
n∑
j=1
δij =
n∑
j=1
aijFj (2.3.2)
Figure 2.16.: Unit loads perpendicular to the tooth surface for a spur gear for multiple
lines of contact (2D view).
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The contribution of the normal load Fi to the potential energy of the system can
be computed using equation (2.3.3).
Vi =
1
2
Fiδi (2.3.3)
The elastic potential energy stored in the teeth of the driving gear, p, or driven
gear, w, in the meshing gear pair, k, in a certain position along the path of contact
for the n discrete loads at the transverse proﬁle of the teeth is given by equation
(2.3.4).
V p,wk =
1
2
n∑
i=1
Fik
(
n∑
j=1
ap,wijkFjk
)
(2.3.4)
The elastic potential energy stored in the meshing teeth of the gear for m tooth
pairs in contact is then given by equation (2.3.5).
V =
m∑
k=1
[
1
2
n∑
i=1
Fik
(
n∑
j=1
apijkFjk
)
+
1
2
n∑
i=1
Fik
(
n∑
j=1
awijkFjk
)]
(2.3.5)
The sum of the forces acting in the ﬂanks of the driving gear must balance the
torque that is imposed to the driving gear (if the frictional torque is disregarded).
Equation (2.3.6) is the mathematical expression of this balance (torque equilibrium
equation of the driven gear divided rbw).
m∑
k=1
n∑
j=1
Fjk − Mw
rbw · cos(βb) = 0 (2.3.6)
In equation (2.3.6) the dissipative forces were disregarded. This equation (2.3.6)
can be modiﬁed to take into account the frictional forces through the coeﬃcient of
friction (µ) as represented in equation (2.3.8), where rbw is the base radius of the
driven gear and rcw is the distance measured perpendicularly to the contact line up
to the intersection with the line of the plane of action that touches the base cylinder
of the driven gear multiplied by the cosine of the base helix angle. In this case the
combined result of the tooth normal forces and frictional forces should balance the
imposed torque, Mw. The sliding velocity is deﬁned according to equation (2.3.7).
Figure 2.17 shows load balance for a spur gear pair including friction at two diﬀerent
instants.
vgjk = r
cw
jk · θ˙wjk − rcpjk · θ˙pjk (2.3.7)
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FN1
μ1·FN1
FN1 μ1·FN1
rcw
rcp
FN2
μ2·FN2
FN2
μ2·FN2 pb
rbw
Mp
Mw
rbp
ωp 
ωw 
Figure 2.17.: Load balance for a spur gear pair including friction at two diﬀerent
instants.
m∑
k=1
n∑
j=1
Fjk −
[
Mw
rbw · cos(βb) −
m∑
k=1
(
n∑
j=1
Fjk · µjk ·
vgjk
|vgjk|
· r
cw
jk
rbw
)]
= 0 (2.3.8)
Simplifying:
m∑
k=1
n∑
j=1
(
Fjk ·
(
1 + µjk ·
vgjk
|vgjk|
· r
cw
jk
rbw
))
− Mw
rbw · cos(βb) = 0 (2.3.9)
Combining equations (2.3.5) and (2.3.9) the constrained expression for the elastic
potential energy acting in the system is obtained as in equation (2.3.10). Note the
Lagrange multiplier, λ, imposing the balance conditions through equation (2.3.9).
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I(F11, ..., Fnm, λ) =
m∑
k=1
[
1
2
n∑
i=1
Fik
(
n∑
j=1
(
apijk + a
w
ijk
)
Fjk
)]
+
λ ·
[
m∑
k=1
n∑
j=1
(
Fjk ·
(
1 + µjk ·
vgjk
|vgjk|
· r
cw
jk
rbw
))
− Mw
rbw · cos(βb)
] (2.3.10)
Considering,
[a] = [ap + aw] (2.3.11)
and simplifying:
I(F11, ..., Fnm, λ) =
m∑
k=1
[
1
2
n∑
i=1
Fik
(
n∑
j=1
aijkFjk
)]
+
λ ·
[
m∑
k=1
n∑
j=1
(
Fjk ·
(
1 + µjk ·
vgjk
|vgjk|
· r
cw
jk
rbw
))
− Mw
rbw · cos(βb)
] (2.3.12)
The distribution of the load over the teeth in a certain mesh instant is the one
that minimizes the total energy of the system, equation (2.3.12). The simultaneous
system of equations. (2.3.13) allows the calculation of the minimum.

∂I(F11,...,Fnm,λ)
∂F11
= 0
...
∂I(F11,...,Fnm,λ)
∂Fnm
= 0
∂I(F11,...,Fnm,λ)
∂λ
= 0
(2.3.13)
Expanding equation (2.3.13) the simultaneous system of equations (2.3.14) is ob-
tained.
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
1
2
[
n∑
i=1
Fi1 (ai11 + a1i1)
]
+
λ ·
[(
1 + µj11 · vg11|vg11| ·
rcwjk
rbw
)]
= 0
...
1
2
[
n∑
i=1
Fim (ainm + anim)
]
+
λ ·
[(
1 + µmn · vgnm|vgnm| ·
rcwjk
rbw
)]
= 0
m∑
k=1
n∑
j=1
(
Fjk ·
(
1 + µjk · v
g
jk
|vgjk|
· r
cw
jk
rbw
))
− Mw
rbw·cos(βb) = 0
(2.3.14)
Substituting C = rbw · cos(βb) and Ljk = 1 + µjk · v
g
jk
|vgjk|
· r
cw
jk
rbw
, equation (2.3.14) can
be written in matrix form according to (2.3.15).
[K]{F} − {λ} = {0} (2.3.15)
The detailed forms of K (compliance matrix), F (contact line forces) and λ (re-
strictions) are shown in equations (2.3.16) to (2.3.18).
{F} =

F11
...
Fn1
F1k
...
Fnk
F1m
...
Fnm
λ

(2.3.16) {λ} =

0
...
0
0
...
0
0
...
0
Mw
C

(2.3.17)
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[K] =
1
2

2a11 · · · a1n1 + an11 0 · · ·
... aij1 + aji1
...
... 0
a1n1 + an11 · · · 2ann1 0 · · ·
0 · · · 0 2a11k · · ·
... 0
...
... aijk + ajik
0 · · · 0 a1nk + an1k · · ·
0 · · · 0 0 · · ·
... 0
...
... 0
0 · · · 0 0 · · ·
2L11 · · · 2Ln1 2L1k · · ·
0 0 · · · 0 2L11
...
... 0
...
...
0 0 · · · 0 2Ln1
a1nk + an1k 0 · · · 0 2L1k
...
... 0
...
...
2annk 0 · · · 0 2Lnk
0 2a11m · · · a1nm + an1m 2L1m
...
... aijm + ajim
...
...
0 a1nm + an1m · · · 2annm 2Lnm
2L1k 2L1m · · · 2Lnm 0

(2.3.18)
This linear simultaneous system of equations will lead to the determination of
loads which are not only in the plane of action but also perpendicular to the lines of
contact. These can be viewed as the result of the integral of a line load over a length.
Since, the dynamic eﬀects were disregarded, solving the simultaneous (2.3.15) for a
ﬁxed number of points along the path of contact (scanning type simulation) leads to
the load distribution. The Lagrange multiplier is an indication of the displacement
due to the load and if a unit load (Mw/C = 1) is applied the mesh stiﬀness function
can be obtained.
The ﬂexibility coeﬃcients ai were obtained using the opensource FEM code Elmer-
Fem [95]. More details about the FEM implementation can be found in subsection
2.3.1.
Local coeﬃcient of friction (calculation procedure)
The quasi-static load distribution model that was presented in this section can
be used in conjunction with a proper coeﬃcient of friction formulation (COF) to
calculate the load distribution aﬀected by a locally deﬁned COF. Since the COF
is dependent on the load distribution and vice versa, this problem must be solved
using a scheme based on iterations. A constant COF (eg. µ = 0.05) is ﬁrst imposed
and the load distribution is calculated based on that COF, then the local COF is
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calculated using the previously calculated load distribution and this process goes on
until convergence in both COF and load distribution is achieved (ﬁgure 2.18).
2.3.1. Some notes on the implementation of the model
A code was developed aiming to implement the formulations presented in this
chapter. Figure 2.18 is a schematic of the implementation. Two external open source
software routines used:
• TetGen, A Quality Tetrahedral Mesh Generator and a 3D Delaunay Triangu-
lator [96]:
TetGen is a program to generate tetrahedral meshes of any 3D polyhedral
domains. TetGen generates exact constrained Delaunay tetrahedralizations,
boundary conforming Delaunay meshes, and Voronoi partitions. [96]
• ElmerFem [95]:
Elmer is an open source multiphysical simulation software mainly developed
by CSC - IT Center for Science (CSC). Elmer development started 1995 in
collaboration with Finnish Universities, research institutes and industry. After
its open source publication in 2005, the use and development of Elmer has
become international.
Elmer includes physical models of ﬂuid dynamics, structural mechanics, elec-
tromagnetics, heat transfer and acoustics, for example. These are described by
partial diﬀerential equations which Elmer solves by the Finite Element Method
(FEM). [95].
Elmer [95] was used (a custom Matlab code generates the Elmer solver input ﬁles)
to obtain the compliance coeﬃcients for the points that are in action during the
meshing process. These compliance coeﬃcients are then introduced in the Quasi-
Static elastic model (section 2.3) and the load distribution as well was the mesh
stiﬀness are obtained.
The program that was developed allows the modelling of helical and spur gears
with wide design parameters, as it automatically generates the gear tooth geometry
mesh (tetrahedral geometry).
One of the main challenges in this implementation was in fact the generation of
the mesh for spur and helical tooth geometries, mainly the problem of triangulation
in 3D space. If some thought is given to this problem it is not possible to directly
triangulate in a cloud of points that belong to a concave solid and obtain a boundary
surface that has concavities. The boundary of the solution will always be a convex
surface in 3D space, and a gear tooth has concavities. The problem is then in deﬁning
the boundary surface of tooth mesh in 3D space. In 2D space a similar eﬀect occurs
for concave polygons.
By converting the 3D surface mesh in a 2D convex problem this issue could be
solved. So the 3D triangulation problem was converted in a 2D problem. The solution
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Quasi-Static Local Elastic
Gears;
Lubricant;
Operating conditions;
Pre-pocessing
Gears parameters;
Ratios;
Static rigid force analysis;
Data Input
Graphical outputs;
Contact lines (load = 0);
Meshing tooth pairs at instant t;
Along the PoC
Lines of contact are mapped to both teeth surfaces by coordinate 
transformation;
Teeth geometries generated from rack cutter;
Full teeth surfaces meshes generated by triangulation in 2D space;
Tooth surface
Triangulated teeth surfaces mesh transformed to 3D space;
Volume mesh (TetGen);
Refined mesh (TetGen);
Save the tooth meshes;
Meshing
Boundary conditions;
Assembly of the solver file;
FEM solution (ElmerSolver);
Post Processing;
Displacement Fields;
Save booth teeth compliance matrices;
FEM (influence Coefficients)
Surface radius;
Surface velocities (scanning type);
Load Distribution (Pre)
Load Distribution (FLoad)
For i = 1: end of PoC:
Assemble [] and  ;
Solve   −  = 0 ;
Find  - (Discrete loads);
End
Calculate Δ/Δl (load per 
unite of line contact length, 
along the PoC);
Find the Hertizian contact 
pressure (scanning);
FCoF function
Local CoF
Calculate the local CoF
While not converged:
Run FCoF function;
Calculate the load 
dependent local CoF;
End
Impose a constant CoF
From constant CoF solution
Power loss along the PoA:
 ,  ; 

 ; 
   ;
Average power loss, 
! ; 	;
Gear loss factor, #;
Save relevant variables;
End
Gear efficiency (Scanning)
Figure 2.18.: Software implementation of the quasi-static power loss model.
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that was found to the problem of gear tooth surface generation and meshing in 3D
space is presented in Figure 2.19 and described below:
1. The gear teeth surface geometry is generated by a rack cutter according to the
formulation proposed by Litvin et al. [97]. The lines of contact along the plane
of action are deﬁned at regular intervals.
2. The contact lines are mapped to the surface of the teeth. The points of the
initial tooth geometry that are in the active area of the tooth are also replaced
by the points that make up the lines of contact.
3. The combined points in 3D space deﬁne the 3D surface to triangulate. The 3D
surface is unfolded and straightened to 2D space. Once deﬁned in 2D space
and the boundaries are convex the surface is easily triangulated with any 2D
Delaunay triangulator.
4. The geometry is rebuilt in 3D space substituting the 2D coordinates by its
original ones in 3D space while keeping the knowledge about the connections
that make up the triangles.
5. The 3D tooth surface mesh is feed to TetGen [96] and the tooth mesh is ob-
tained. The mesh is reﬁned considering a set of rules which take into account
(between others): element distortion, average element volume, rate at which
the average element size increases away from the reﬁned surface. It should
be noted that the points of the original surface mesh are always kept in their
original locations, so that the theoretical lines of contact are kept immaculate.
6. The points that participate in the boundary conditions are deﬁned.(Fixed sur-
face and unit loads along the points that make up the lines of contact).
2.3.2. Results
The model that was presented in this section has the capability of considering
the frictional eﬀects in the load distribution and mesh stiﬀness. The results here
presented were obtained considering µ = 0, µ = 0.1 and the Xu [53] local CoF µXu.
As for the operating conditions the results were obtained considering an operating
speed of 1200 rpm and torque of 477.78 Nm on the driving gear.
As previously stated the local CoF model that was implemented, µXu(x, y) is the
one that was suggested by Xu et al. [53]. A ISO VG 320 PAO oil at 80◦C was
considered. More details about this CoF formulation can be found in subsection
1.1.2.
The results presented in ﬁgure 2.20 show that the frictional eﬀects have an impact
in the load distribution which is quite noticeable at the point of reversal of the sliding
velocity, the pitch point (xpos = 0) specially for the C40 gears where a step or a slope
can be observed. This step or slope is more pronounced in the case of µ = 0.1. In
the cases where µ = µXu(x, y) the pitch point transition is smoother mainly because
µ = µXu(x, y) = 0 when the sliding velocity is also zero. Due to the local nature of
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Figure 2.19.: Tooth mesh generation taking into account the lines of contact.
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µ = µXu(x, y) it is believed that the smoother slope evolution at the vicinity of the
pitch point is closer to reality (at least qualitatively) than the constant CoF approach
(µ = 0.1).The free edge eﬀect in the load distribution can also be observed.
Comparing ﬁgure 2.20d with 2.20g it could be noted that the maximum load peaks
occur at very diﬀerent locations. These diﬀerences have to do with the nature the
gears. In the H501 α > β and in the H951 α < β. In the case of the H501 the
maximum load peaks appear at the beginning of the meshing process while in the
case of the H951 the peaks appear at the points where a contact line starts at the
the edge of the tip of a tooth and ﬁnish at the line of active meshing near the tooth
base.
In ﬁgures 2.21 the inﬂuence of the CoF in the total load distribution and mesh
stiﬀness becomes more apparent. Once again the frictional eﬀects are more important
in the spur gear geometry in both load distribution and mesh stiﬀness (step like
features appear at the pitch point).The modiﬁcations in both load distribution and
mesh stiﬀness are more subtle in the helical gears (H501 and H951), nevertheless it
should be noticed that the total load increases before the pitch point and decreases
after it (also noticed in the C40 gear). The mesh stiﬀness is also slightly modiﬁed
by frictional eﬀects, specially in the case of the C40 gear in the vicinity of the pitch
point (ﬁgure 2.21b).
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Figure 2.20.: Load distribution (per unit of contact line length) considering diﬀerent
coeﬃcients of friction for gears C40, H501 and H951.
60
2.3. Quasi-Static Local Elastic Model
−5 0 5
0
0.2
0.4
0.6
0.8
1
Path of contact, xpos [mm]
Fo
rc
e,
 [F
/F b
n]
(a) C40.
−5 0 5
4
5
6
7
8
9
10
11
x 108
Path of contact, xpos [mm]
M
es
h 
st
iff
ne
ss
, [N
/m
]
(b) C40.
−5 0 5 10
0
0.2
0.4
0.6
0.8
1
Path of contact, xpos [mm]
Fo
rc
e,
 [F
/F b
n]
(c) H501.
−5 0 5 10
2.5
3
3.5
4
4.5
5
5.5
6
x 108
Path of contact, xpos [mm]
M
es
h 
st
iff
ne
ss
, [N
/m
]
(d) H501.
−2 0 2 4 6
0
0.2
0.4
0.6
0.8
1
Path of contact, xpos [mm]
Fo
rc
e,
 [F
/F b
n]
(e) H951.
−2 0 2 4 6
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4
x 108
Path of contact, xpos [mm]
M
es
h 
st
iff
ne
ss
, [N
/m
]
(f) H951.
0 1 2 3 4 5
Path of contact, xpos [mm]
µ = 0 µ = 0.1 µ = µXu
Figure 2.21.: Load distribution and mesh stiﬀness obtained considering diﬀerent coef-
ﬁcients of friction for gears C40, H501 and H951.
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2.4. Load distribution models: comparison
In the beginning of this chapter a solution for the load distribution taking ad-
vantage of the properties of the Heaviside function was presented (quasi-static rigid
model). This approach was purely geometrical and elastic eﬀects were disregarded.
Due to the disregarded eﬀects the validity of this approach is debatable. Two elastic
load distribution models were also presented. One of these models is an extension of
the rigid model which takes advantage of the Heaviside functions and the single tooth
stiﬀness (quasi-static elastic model). The other elastic model was based on the min-
imization of the constrained potential energy, frictional eﬀects were also considered
in the load distribution (quasi-static local elastic model).
The models suggested in sections 2.1 and 2.2 do not take into account frictional
eﬀects so in order to do a proper comparison, the CoF was imposed as µ ≈ 0 for
the model that was proposed in section 2.3 (quasi-static local elastic model). The
quasi-static rigid and elastic models both assume a constant load per unit of length
in a single tooth pair while the quasi-static local elastic model does not make this as-
sumption. Therefore in order to compare these three models the total load supported
by a single tooth pair along the path of contact is considered.
The model that was presented in section 2.2 needs external inputs, namely the
maximum single stiﬀness and αk. Table 2.2 shows the values of Kmax that were
taken. These values were calculated according to ISO 6336-1 [94]. It was found that
αk = 4/5 gave a good correlation between the model presented in section 2.2 and the
quasi-static local elastic model (section 2.3).
The load distributions FN/Fbn for the three models that were proposed were com-
pared (ﬁgures 2.22). For the helical gears (H501 and H951) there is a very good
agreement between all three models, however for the C40 spur gear the rigid model
performs quite poorly while both elastic models are in agreement with each other.
In terms of mesh stiﬀness it can be observed that calculating the maximum single
tooth stiﬀness suggested by ISO (Table 2.2) and imposing αk = 4/5 the analytical
method KL(ξ) to calculate the total mesh stiﬀness that was proposed works quite
well giving results close to those obtained with the quasi-static local elastic model
that was also developed.
Despite the limited number of cases that were studied the analytical elastic model
KL(ξ) (section 2.2) seems to be a good alternative to the quasi-static local elastic
model if one is not interested in the load distribution along the gear face width
(free edge eﬀects and local properties) and frictional eﬀects are to be disregarded.
Table 2.2.: Single pair stiﬀness according to ISO 6336-1 [94].
Gear KISOmax [N/m]
C40 5.0483× 108
H501 3.0923× 108
H951 3.6293× 108
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The KL(ξ) model also runs several orders of magnitude faster that the quasi-static
local elastic model and it is also much easier to implement. The computational and
implementation costs of the rigid model over the KL(ξ) model are almost the same
therefore KL(ξ) presents by far the best beneﬁt/cost ratio of the three models that
were presented.
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Figure 2.22.: Load sharing and mesh stiﬀness according to the diﬀerent models, (i =
0, µ = 0, αk = 4/5, Kmax = KISOmax) for gears C40, H501 and H951.
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2.5. Power loss in cylindrical gears
In this section a general approach to gear power loss and its application to dif-
ferent cases are presented for the purpose of demonstration. The gear loss factor
HV calculated with the load distribution obtained from the quasi-static local elastic
model is compared with some gear loss factors presented in the literature (subsection
1.1.1).
2.5.1. General power loss formulation
The sliding power loss per unit of gear face width between meshing gear tooth
can be calculated according to equation (2.5.1). This equation considers a Coulomb
friction model (the friction force is the normal force, FN(t, y), multiplied by a coeﬃ-
cient, µ(t, y) and the result is then integrated over the tooth face width, b, to obtain
the power loss along the path of contact for a single tooth mesh which is described
here by equation (2.5.2).
pV ZP (t, y) = FN(t, y) · µ(t, y) · vg(t, y) (2.5.1)
P singleV ZP (t) =
b∫
0
[FN(t, y) · µ(t, y) · vg(t, y)] dy (2.5.2)
Since there can be multiple pairs of teeth in contact along the meshing line the
total power loss is calculated according to (2.5.4) by superposition of the functions
described by equation (2.5.2). These functions are at a distance of pbt or a mesh
period (Tmesh) from each other. If the function that describes the total power loss
along the path of contact (equation (2.5.4)) is integrated for a mesh period Tmesh over
this same path, the total energy that is dissipated is obtained. Divide this energy by
the mesh period and the average power loss is obtained (equation (2.5.5)). The mesh
period is given by (2.5.3), where z is the number of teeth and ω is the rotational
frequency of gear i in rads/s.
Tmesh =
2pi
ωi · zi (2.5.3)
P totalV ZP (t) =
floor(α+β)∑
i=−floor(α+β)
P singleV ZP (t− i · Tmesh) (2.5.4)
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PGV ZP =
Tmesh∫
0
P totalV ZP (t)
Tmesh
(2.5.5)
The formulation above presented is general to spur and helical gears can be used
to calculate the average power loss considering a time and space varying load distri-
bution, CoF and sliding velocity.
Considering the classical PV ZP formulation (1.1.1) a gear loss factor can be deﬁned
as shown in equation (2.5.6). It should be noted that equation (2.5.6) should only
be applied to situations when the CoF is assumed to be constant along the plane of
action.
HGV =
PGV ZP
PIN · µmz (2.5.6)
2.5.2. A remark on diﬀerent coordinate systems and mesh
time
In this section the power loss is speciﬁed as a function of the meshing time t.
However in section 2.1.2 a coordinate system ξ was deﬁned according to ﬁgure 2.5.
The relation between t and ξ is straight forward. In fact, from the deﬁnition of ξ, pbt
and the involute property of the gears the relation between t and ξ is direct as shown
by equation (2.5.7).
t(ξ) = ξ · Tmesh (2.5.7)
The results from the quasi-static full compliance elastic model (section 2.3) are
given in distance along the path of contact centred at the pitch point, (xpos coordin-
ates). The relation between ξ and the just described coordinate system is given by
equation (2.5.8).
xpos(ξ) = (ξ − 1) · pbt (2.5.8)
Given the relation expressed in equation (2.5.7) and solving (2.5.8) to ﬁnd ξ, t(xpos)
is given by equation (2.5.9).
t(xpos) =
[
xpos
pbt
+ 1
]
· Tmesh (2.5.9)
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2.5.3. Results
The goal with this section was not to study the quasi static power loss or the
average power loss itself, but rather to present the results of application of a gen-
eral approach to study of the power loss along the path of contact and the average
power loss. This methodology is here referred as a general approach because all the
quantities in equation (2.5.1) can be taken locally as shown in ﬁgures 2.23 to 2.26.
Figures 2.23 to 2.25 show the load distribution, Hertzian pressure, sliding velo-
city, coeﬃcient of friction and power loss per unit of length for the gear geometries
presented in table 2.1. These results were obtained considering a speed of 1200 rpm
and a torque of 477.78 Nm at the driving gear. The lubricant that was selected was
a wind turbine gear oil, ISO VG 320 PAO based lubricant (PAOR, table 4.3) at 80
◦C.
Figures 2.26 show the power loss along the path of contact considering the results
presented in ﬁgures 2.23 to 2.25.
The average power loss PGV ZP (2.5.5) was calculated for the selected operating
conditions and CoF formulation and the average power loss results are presented in
table 2.3.
Table 2.3.: Average power loss PGV ZP calculated according to equation (2.5.5).
Gear: C40 H501 H951
PGV ZP [W] 552.8 481.7 172.5
These results come in line with what was already known for the C40, H501 and
H951 gear geometries. The C40 and H501 gears promote much higher power loss
than the H951 gear. The reason for this is that the H951 has a much shorter path of
contact which promotes lower sliding velocities at the same input speed as observed
in ﬁgures 2.23c, 2.24c and 2.25c.
2.5.4. Gear loss factor
The gear loss factor HV , is dependent of the gear geometry and load conditions
and it's an indicator of the eﬃciency associated to a certain gear despite the working
conditions, the transmitted power and the lubricant used.
The gear loss factor concept presented in equation (2.5.6) should only be applied
in situations where the CoF is assumed to be constant along the plane of action.
The load distribution model that was presented in section 2.3 considers frictional and
elastic eﬀects in the load distribution. This indicates that for diﬀerent CoF values
diﬀerent load distributions will be obtained. The gear loss factor HGV (2.5.6) was
then calculated considering diﬀerent values for µmz. Table 2.4 shows the results that
were obtained considering three diﬀerent CoF values. The load distribution will be
dependent of the CoF, therefore the gear loss factor will be modiﬁed.
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Figure 2.23.: Local power loss pV ZP (x, y) and local quantities involved (1200rpm,
477.78Nm at driving gear) - C40.
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Figure 2.24.: Local power loss pV ZP (x, y) and local quantities involved (1200rpm,
477.78Nm at driving gear) - H501.
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Figure 2.25.: Local power loss pV ZP (x, y) and local quantities involved (1200rpm,
477.78Nm at driving gear) - H951.
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Figure 2.26.: Power loss for gears C40, H501 and H951.
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Table 2.4.: Gear loss factor considering rigid and elastic load sharing and constant
friction.
HV C40 ∆ [%] H501 ∆ [%] H951 ∆ [%]
Rigid [84] 0.1949 - 0.1873 - 0.0684 -
Ohlendorf [30] 0.1949 0 0.1639 −12.5 0.0739 8.0
HGV , QSLEM (µ = 0) 0.1969 1.0 0.1853 −1.1 0.0705 2.9
HGV , QSLEM (µ = 0.05) 0.1978 1.5 0.1858 −0.8 0.0705 3.0
HGV , QSLEM(µ = 0.1) 0.1987 1.9 0.1862 −0.6 0.0706 3.2
QSLEM: quasi-static local elastic model.
In a series of very recent papers Fernandes et al. [13, 21] presented a complete
methodology for the estimation of gear box power loss. Schlenk's [48] CoF formu-
lation was used to estimate the gear friction losses. In fact the lubricant factor XL
(1.1.14) was estimated from power loss tests in the FZG test rig for diﬀerent oils
at varying operating conditions [2, 21] (loads and speeds). The gear frictional losses
were calculated by subtracting the measured no-load loss and estimated rolling bear-
ing losses to the total measured power loss [2]. The gear friction losses were then
known and the gear loss factor was numerically calculated [84], so equation (1.1.1)
can be used to estimate the average CoF, µmz, in that particular operating condition.
This was done for diﬀerent operating conditions so that a lubricant parameter XL
(1.1.14) could be optimized for each lubricant.
In the aforementioned works it was evident that in order to have a good gear
power loss estimation a good gear loss factor formulation is needed because it will
not only inﬂuence the values of the calibrated lubricant parameter XL (1.1.14), but
also directly the estimation of the gear losses for other gear geometries through the
gear loss factor itself and also XL. In fact in other work Fernandes et al. [84] showed
diﬀerent gear loss factor formulations give very diﬀerent results.
The results presented in table 2.4 indicate that frictional and elastic eﬀects have an
impact in the load distribution which will yield a variation in the estimated average
CoF µmz and by consequence in the lubricant factor XL. This by no means indicates
that the approach introduced by Fernandes et al. [2] is wrong or that it should not
be used, it means that despite the excellent results obtained in [2, 3, 21] there is still
room for improvement.
2.6. Closure
This chapter dealt with the load distribution problem including frictional eﬀects
in spur and helical gears, as well as a generalized approach to power loss estimation.
Three diﬀerent, yet simple load distribution models, were proposed from the rigid
tooth approach to the elastic solution including friction. A generalized power loss
formulation was also presented.
The results obtained with the elastic models (load distribution and mesh stiﬀness)
were in agreement with each other when µ = 0.
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The most advanced of the models considered the frictional eﬀects in the load bal-
ance, so that modiﬁcations in the load distribution and mesh stiﬀness were observed
due to friction (in the load distribution per unit of length the free edge eﬀects were
also observed). The frictional and elastic eﬀects were clearly visible in results ob-
tained for the spur gears, where a step could be observed at the pitch point in the
case of constant CoF formulation. When the local CoF was considered the transition
was done smoothly without sudden steps, but a slope was still observed. In the case
of helical gears the frictional eﬀects seem to play a lesser role in the load distribution
even when the constant CoF is considered.
From the generalized gear power loss approach an average power loss and gear loss
factors could be calculated. The diﬀerences that were observed in the gear loss factors
(rigid vs elastic+friciton) can be relevant depending on the accuracy and reﬁnement
of the desired power loss prediction. The calibration of the lubricant factor XL that
is used in Schlenk's et al. [48] average COF formulation can be done according to
the methodology proposed by Fernandes et al. [2]. In this methodology an accurate
gear loss factor is a fundamental piece in ﬁnding accurate XL values and power loss
estimations.
In subsection 2.3.2 and section 2.4 some ﬁgures (2.21 and 2.22) with the mesh
stiﬀness along the path of contact considering diﬀerent methods and CoF formulations
were presented. Regardless of the similarity of the results yielded by the proposed
models something else should be noted: The mesh stiﬀness evolution along the path
of contact appears to vary with gear geometry and frictional eﬀects. Mesh stiﬀness
variations are known to be one of the main sources for gear dynamic excitations. The
main variations in the mesh stiﬀness occur due to the transitions between meshing
cycles. It was also demonstrated that frictional eﬀects have the potential to modify
the mesh stiﬀness, specially in the case of spur gears.
In this chapter the studies were done considering a quasi-static approach. The
consideration of inertia eﬀects and mesh stiﬀness induced excitations in the beha-
viour of a gear system will lead to a time varying total normal load along the path
of contact, even at stationary conditions. The local CoF formulation proposed by
Xu [53] (equations (1.1.17) to (1.1.18)) µXu, which was demonstrated to replicate
experimental results quite well, depends of the local load in a non-linear fashion.
Since the local CoF is dependent of the local load and the local load varies with
the dynamic total normal force it follows that the combination of both of the eﬀects
may introduce variations in the estimated average power loss comparing with the
quasi-static power loss model assumption.
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Gear Dynamics and Power Loss
Chapter 2 was dedicated to the study of the inﬂuence of the load distribution
and elastic eﬀects on gear power loss [15, 16]. Three load distribution models were
presented, a quasi-static rigid, a quasi-static elastic model and a quasi-static local
elastic model. The quasi-static elastic load distribution model [15, 16] also allowed
to obtain the mesh stiﬀness function including frictional eﬀects. It was veriﬁed that
both tooth pair transition and frictional eﬀects introduced important variations in
the aforementioned mesh stiﬀness. In fact it is well known [25] that mesh stiﬀness
variations are one of the main causes of gear noise and vibration.
Many machines have a motor that rotates at ﬁxed speed or in a range of speeds
that is not the desired one. In many situations in order to overcome these issues gear
transmissions are used. Optimizing gearbox eﬃciency in statically loaded conditions
is a step in the right direction, but it is also important to understand what happens
when the gears are rotating since dynamic eﬀects can often be a determining factor in
the gearbox load carrying capacity. Detailed gearbox eﬃciency estimations in quasi-
static and dynamic conditions can lead to the design of more reliable and eﬃcient
gearboxes, which can save resources not only during development, but also through
the gearbox's expected life [98].
In previous works [25] several authors have dealt with the problem of gear dynam-
ics. The main innovations in gear dynamics were mainly in the detail of the dynamic
models (more degrees of freedom, varying mesh stiﬀness and frictional, gyroscopic,
rocking eﬀects...). In those works the main focus was usually in the dynamic over-
loads, critical speeds, transmission errors and gear noise [99102]. Özgüven et al. [25]
made a very comprehensive analysis and categorization of the existing gear dynamic
models.
According to Özgüven et al. [25] it is possible to group the mathematical models
developed in gear dynamics in the following way:
1. Simple dynamic factor models: This group includes most of the early studies
in which a dynamic factor that can be used in gear root stress formulae is
determined. These studies include empirical and semi-empirical approaches
as well as recent dynamic models constructed just for the determination of a
dynamic factor.
2. Models with tooth compliance: There is a very large number of studies which
include only the tooth stiﬀness as the potential energy storing element in the
system. That is, the ﬂexibility (torsional and/or transverse) of shafts, bearings,
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etc, are all neglected. In such studies the system is usually modelled as a single
degree of freedom spring-mass system. There is an overlap between the ﬁrst
group and this group since such simple models are sometimes developed for the
sole purpose of determining the dynamic factor.
3. Models for Gear Dynamics: Such models include the ﬂexibility of the other
elements as well as the tooth compliance. Of particular interest have been the
torsional ﬂexibility of shafts and the lateral ﬂexibility of the bearings and shafts
along the line of action.
4. Models of Geared Rotor Dynamics: In some studies, the transverse vibrations of
a gear-carrying shaft are considered in two mutually perpendicular directions,
thus allowing the shaft whirl. In such models, the torsional vibration of the
system is usually considered.
5. Models for Torsional Vibrations: The models in the third and fourth groups
consider the ﬂexibility of the gear teeth by including a constant or time varying
mesh stiﬀness in the model. However, there is also a group of studies in which
the ﬂexibility of gear teeth is neglected and a torsional model of a geared system
is constructed by using torsionally ﬂexible shafts connected with rigid gears.
The studies in this group may be viewed as pure torsional vibration problems,
rather than gear dynamics problems.
As previously referenced, there not seem to be many studies around gear eﬃciency
including dynamic eﬀects. In this chapter a four degree of freedom (DoF) lumped
mass torsional model that takes into account damping and frictional eﬀects was de-
duced from the Principle of Least Action. The main focus here was not the dynamic
analysis, but rather the inﬂuence of gear tooth geometry and dynamics in gear power
loss. Three diﬀerent geometries, a spur and two helical gears that were studied in
previous works [1, 2, 21], were analysed under diﬀerent operating conditions and two
coeﬃcient of friction approaches. The average power loss in dynamic stabilized con-
ditions is compared to the one predicted using the classical methods presented in
references [2, 22,28] as well as in chapters 1 and 2.
3.1. Model formulation
In this section the proposed lumped mass model for gear dynamics is presented.
This model includes gear tooth friction, damping in shafts and between meshing teeth
as well as shaft stiﬀness.
The damping coeﬃcients are considered constant and frictional eﬀects are taken
into account in the time varying mesh stiﬀness. The mesh stiﬀness including friction
eﬀects was calculated from the elastic load distribution model previously introduced
[15,16].
According to L. Landau [103] if one let any system occupy, at instants t1 and
t2, positions deﬁned by two sets of values of the co-ordinates θ1 and θ2 then the
condition is that the system moves between these positions in such a way that the
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integral (3.1.1) takes the least possible value, (L is the action). This is the Principle
of Least Action.
S =
t2∫
t1
L(θ, θ˙, t)dt (3.1.1)
Taking the variation of θ it is possible to show that equation (3.1.1) is minimized
for a system of multiple particles if the diﬀerential equation (3.1.2) is satisﬁed.
d
dt
(
∂L
∂θ˙
)
− ∂L
∂θ
= 0 (3.1.2)
The previous approach does not directly consider the work of non-conservative
forces. Hamilton's principle (equation (3.1.3)) is more general and it is usually used
in the establishment of the equations of motion of any system.
t2∫
t1
δ(T − V )dt+
t2∫
t1
δWncdt = 0 (3.1.3)
In equation (3.1.3) T is the kinetic energy, V is the potential energy of deformation
and position and Wnc is the work done by non-conservative forces, (external and
dissipation forces). δ is the variation taken between t1 and t2.
Admitting that the kinetic energy is a function of the generalized coordinates θi
and its derivatives θ˙i it becomes that T = T (θ1:n, θ˙1:n). Assuming that the potential
energy is a function of the generalized coordinates, it becomes V = V (θ1:n). The
variation of the work of the non-conservative forces is simply δWnc =
n∑
i=1
Qiδθi where
Qi are the generalized forces. Plugging T and V as well as δWnc in equation (3.1.3),
doing the variation and integrating by parts the Euler-Lagrange equations (equations
of motion) are obtained (equations (3.1.4)).
d
dt
(
∂T
∂θ˙i
)
− ∂T
∂θi
+
∂V
∂θi
= Qi (3.1.4)
For a system where the damping forces are proportional to the generalized velo-
cities a viscous dissipation function can be deﬁned according to equation (3.1.5), the
Rayleigh dissipation function.
R =
1
2
n∑
r=1
n∑
s=1
crsθ˙rθ˙s (3.1.5)
Which results in the generalized force described in equation (3.1.6).
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QRi = −
∂R
∂θ˙i
(3.1.6)
Introducing equation (3.1.6) in (3.1.4) the Euler-Lagrange equations including
Rayleigh damping take the form of equations (3.1.7).
d
dt
(
∂T
∂θ˙i
)
− ∂T
∂θi
+
∂V
∂θi
+
∂R
∂θ˙i
= Qi (3.1.7)
The generalized forces, Qi, are obtained from δWnc according to equation (3.1.8).
Qi =
∂δWnc
∂δθi
(3.1.8)
The kinetic energy of a single body can be calculated according to equation (3.1.9).
The total kinetic energy of a system is the sum of the kinetic energy of all bodies.
T =
1
2
m # »vG · # »vG + 1
2
#»
ΩT [IG]
#»
Ω (3.1.9)
The potential energy of a single elastic element Vk can be calculated according
to equation (3.1.10). The total elastic potential energy of a system is the
∑
of the
potential energy of all elastic bodies. It should be noted that in some situations the
gravitational potential VG = m · g ·∆θ energy should also be taken into account.
Vk =
1
2
Ki(∆θi)
2 (3.1.10)
Consider now a lumped mass system (Figure 3.1) which consists of a meshing gear
pair (a moment of inertia for each gear, Jp and Jw ) connected with a spring which
varies its stiﬀness in time (Ktpw), two springs connect to each one of the gears to
simulate the shafts torsional stiﬀness (K1p and Kw2) and in the other end of each
one of these springs a mass to account for each shaft (J1 and J2). A damper (cpw) is
connected in parallel with the mesh stiﬀness element. At the end of each shaft there
are two moments applied M1 and M2. A degree of freedom θi(t) is considered for
each mass [98].
The mesh stiﬀness was considered a function of time and the frictional eﬀects
were also included in the aforementioned time dependent mesh stiﬀness according
to [15,16]. This has the advantage to lead, in the end, to a simpler system of equations
because no special frictional terms are included [98].
The kinetic energy of the system described in ﬁgure 3.1 can be written according
to equation (3.1.11).
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Figure 3.1.: Lumped mass dynamic gear model [98].
T =
1
2
·
[
J1 · θ˙12 + Jp · θ˙p2 + Jw · θ˙w2 + J2 · θ˙22
]
(3.1.11)
The elastic potential energy can be written according to equation (3.1.12). Gear
mesh (Ktpw) and shaft stiﬀness (K1p and Kw2) are considered.
V =
1
2
·
[
K1p · (θp − θ1)2 +Kw2 · (θ2 − θw)2 +Ktpw · (θw · rbw − θp · rbp)2
]
(3.1.12)
Quantity δWnc, equation (3.1.13), accounts for the work of external forces.
δWnc = M1 · δθ1 −M2 · δθ2 (3.1.13)
R, equation (3.1.14), adds the damping eﬀects. Gear mesh (cpw) and shaft damping
eﬀects (c1p and cw2) are considered.
79
3. Developments for a Gear Pair: Gear Dynamics and Power Loss
R =
1
2
·
[
cpw · (rbw · θ˙w − rbp · θ˙p)2 + c1p · (θ˙p − θ˙1)2 + cw2 · (θ˙2 − θ˙w)2
]
(3.1.14)
Considering equations (3.1.11) to (3.1.14) and applying equations (3.1.7) a sys-
tem of four diferential equations that describe the motion of the system is obtained,
equations (3.1.15) to (3.1.18).
J1 · θ¨1 − c1p · (θ˙p − θ˙1)− [K1p · (θp − θ1) +M1] = 0 (3.1.15)
Jp · θ¨p + c1p · (θ˙p − θ˙1)− rbp · cpw · (rbw · θ˙w − rbp · θ˙p)
−
[
−K1p · (θp − θ1) +Ktpw · rbp · (θw · rbw − θp · rbp)
]
= 0
(3.1.16)
Jw · θ¨w − cw2 · (θ˙2 − θ˙w) + rbw · cpw · (rbw · θ˙w − rbp · θ˙p)
−
[
Kw2 · (θ2 − θw)−Ktpw · rbw · (θw · rbw − θp · rbp)
]
= 0
(3.1.17)
J2 · θ¨2 + cw2 · (θ˙2 − θ˙w)− [−Kw2 · (θ2 − θw)−M2] = 0 (3.1.18)
The equations of motion, equations (3.1.15) to (3.1.18) were numerically solved
imposing constant speed at the input (θ˙1 = Ω) and constant torque at the output
(M2 =const.).
This problem can then be rewritten in matrix form according to equation (3.1.19).
[M ] {θ¨}+ [C] {θ˙}+ [K] {θ} − {F} = {0} (3.1.19)
Equations (3.1.20) to (3.1.24) are the matrices that compose equations (3.1.19).
{θ} =

θ1
θp
θw
θ2
 (3.1.20)
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[M ] =

J1 0 0 0
0 Jp 0 0
0 0 Jw 0
0 0 0 J2
 (3.1.21)
[K] =

K1p −K1p 0 0
−K1p K1p + r2bp ·Ktpw −rbw · rbp ·Ktpw 0
0 −rbw · rbp ·Ktpw Kw2 + r2bw ·Ktpw −Kw2
0 0 −Kw2 Kw2
 (3.1.22)
[C] =

c1p −c1p 0 0
−c1p c1p + r2bp · cpw −rbw · rbp · cpw 0
0 −rbw · rbp · cpw cw2 + r2bw · cpw −cw2
0 0 −cw2 cw2
 (3.1.23)
{F} =

−M1
0
0
M2
 (3.1.24)
3.2. Natural modes and self-excitation
In a dynamic system the amplitude of vibration is highest for excitations near
the modal frequencies. The characteristic problem was then studied for the system
presented in ﬁgure 3.1 aiming to understand the range of operating speeds at which
maximum amplitude of vibration occurs.
The natural modes of vibration (modal shapes and frequencies) were calculated
for the gears presented earlier considering the mass and stiﬀness properties presented
in table 3.1. The damping parameters, cpw, c1p and cw2, (ﬁgure 3.1) were forced 0 in
order to solve de characteristic problem.
The mass properties of the gears, JP and JW , were calculated from the dimensions
of the gears' pitch diameter and face width. The average mesh stiﬀness was obtained
averaging the mesh stiﬀness obtained with the quasi-static local elastic model (section
2.3) for a single meshing period (µ = 0), shown in table 3.2.
Figures 3.2 show the modal shapes normalized to unitary modal masses for the
three gear geometries. As it was expected the modal shapes for each gear pair are
quite similar (similar inertias). The natural frequencies are displayed in table 3.3.
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The system is positive semi-deﬁnite, so the ﬁrst mode is a rigid body mode with a
natural frequency of 0 rpm, the modal shape follows the gear ratio. The second mode
appears at around ≈ 4250 rpm for all gears, the modal shape indicates that the gears
are in opposition of phase.
Table 3.1.: Mass and stiﬀness properties (gear dynamics model, ﬁgure 3.1).
Property Value Units
J1 4.0× 10−2 kgm2
J2 4.0× 10−2 kgm2
K1p 8.0× 103 Nm/rad
Kw2 8.0× 103 Nm/rad
Table 3.2.: Gears mass parameters and average mesh stiﬀness (µ = 0).
Gear JP [kgm
2] JW [kgm
2] Kpw [N/m]
C40 4.2× 10−3 8.2× 10−4 7.27× 108
H501 2.5× 10−3 4.9× 10−4 4.55× 108
H951 2.0× 10−3 4.0× 10−4 3.58× 108
Table 3.3.: Modal frequencies considering the average mesh stiﬀness (µ = 0).
ωin [rpm] C40 H501 H951
ω0n 0 0 0
ω1n 4264.3 4260.6 4256.5
ω2n 20279.9 26142.8 28876.4
ω3n 365721.4 378503.4 353830.9
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(l) Mode 3, 353830.9 rpm.
Figure 3.2.: Modal shapes normalized to unitary modal masses.
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3.2.1. Self-excitation (parametric excitation)
The characteristic problem was studied considering the average mesh stiﬀness how-
ever the mesh stiﬀness varies periodically in time, being the period of this variation
coincident with the meshing period Tmesh. The time varying mesh stiﬀness introduces
a periodic excitation which has a frequency (2pi/Tmesh) that is z1,2 times higher that
the frequency of rotation of the shaft. This means that it is possible to excite the nat-
ural modes at rotational speeds that are much lower (self-excitation speeds) than the
actual natural frequency corresponding to that particular mode. The self-excitation
speeds can be calculated equalling the mesh period to the natural period of a certain
mode, as represented in equation (3.2.1).
Tmesh =
2pi
ωin
(3.2.1)
Considering the deﬁnition of Tmesh (2.5.3) that was previously introduced, equa-
tion 3.2.2 is obtained for the self-excitation speeds.
ωiself =
ωin
z1,2
(3.2.2)
The self-excitation speeds for the gear model presented in ﬁgure 3.1 were calculated
from the natural modes presented in section 3.2.
In ﬁgures 3.3 the points at which ωself intersects ωin/z1,2 are the self excitation
speeds. The self excitation speeds for the diﬀerent modes were calculated according
to equation (3.2.2), the results are presented in table 3.4.
Table 3.4.: Self excitation speeds.
C40 H501 H951
ωiself [rpm] ω
1:3
n /z1 ω
1:3
n /z2 ω
1:3
n /z1 ω
1:3
n /z2 ω
1:3
n /z1 ω
1:3
n /z2
ω1self 177.7 266.5 142.0 213.0 74.7 112.0
ω2self 845.0 1267.5 871.4 1307.1 506.6 759.9
ω3self 15238.4 22857.6 12616.8 18925.2 6207.6 9311.3
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(c) H951.
Figure 3.3.: Self excitation speeds due to the time varying mesh stiﬀness.
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3.3. Power loss simulations
As it was noted in the closure section of chapter 2 the consideration of inertial
eﬀects and mesh stiﬀness induced excitations in the behaviour of a gear system will
lead to a time varying total normal load along the path of contact, even at stationary
conditions. The local CoF formulation proposed by Xu [53] (equations (1.1.17) to
(1.1.18)) µXu, which was demonstrated to replicate experimental results quite well
[53], depends of the local load in a non-linear fashion. Since the local CoF is dependent
of the local load and the local load varies with the dynamic total normal force it follows
that the combination of both of the eﬀects may introduce variations in the estimated
average power loss comparing with the quasi-static power loss model assumption.
The aim of this section is then to evaluate the potential eﬀect of dynamic loads in
the estimation of the average power loss.
Speeds near the ones presented in tables 3.3 and 3.4 are prone to induce high vibra-
tion amplitudes which may result in substantial dynamic overloads. These high amp-
litude modes near de critical speeds have the potential to result in dynamic normal
tooth loads below zero, which means that the meshing teeth loose contact, therefore
rendering the proposed gear dynamics model invalid in such situations. Simulation
conditions that make the meshing teeth loose contact will be disregarded.
Previously, the natural modes were studied forcing the damping parameters cpw,
c1p and cw2, (ﬁgure 3.1) to 0, however some reference values for the mesh damping
cpw can be found in the literature [25]. For the current simulations the values of
cpw = 700 Ns/m and c1p = cw2 = 0.04 Nm·s were selected according to Vedmar's et
al. work [101], shown in table 3.5.
Table 3.5.: Damping coeﬃcients for the single gear pair simulations [101].
Property Value Units
cpw 700 Ns/m
c1p 0.04 Nm·s
cw2 0.04 Nm·s
The time varying mesh stiﬀness, Ktpw, was obtained according to the method
suggested in section 2.3 where the load distribution was calculated minimizing the
total potential energy of the system and the boundary conditions introduced using a
Lagrange multiplier. The frictional eﬀects in gear dynamics were taken into account
in the time varying mesh stiﬀness. The local CoF formulation proposed by Xu [53]
was considered (detailed in 1.1.2).
A centred ﬁnite diﬀerences scheme was used to numerically solve equations (3.1.15)
to (3.1.18). A proper integration time ∆t (between 5× 10−7 and 5× 10−5 depending
on the input speed) was selected for each simulation. As for the boundary conditions,
the input speed (θ˙1) and output torque (M2) were ﬁxed.
For each simulation four diﬀerent speeds and one load were considered (table 3.6).
The lubricant that was selected was an ISO VG 320 PAO based lubricant (PAOR,
table 4.3) at 80 ◦C.
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Table 3.6.: Operating conditions at driving gear (dynamic simulations; PAOR, table
4.3) at 80 ◦C).
Load Speed Gear
M2 [Nm] θ˙1 [rpm] C40 H501 H951
477.78
ω1self 177.7 142.0 74.7
ω2self 845.0 871.4 506.6
ω1n 4264.3 4260.6 4256.5
ω 1200 1200 1200
The amplitude of vibration is the highest in the vicinity of the natural modes,
therefore the ﬁrst two self excitation speeds as well as the ﬁrst natural frequency
were selected. An additional simulation at 1200 rpm (between ω2self and ω
1
n) was also
performed. Simulations at ω3self speeds (high speeds) were avoided due to meshing
tooth loosing contact in such conditions (the dynamic power loss model is not valid
in such scenarios).
3.4. Results
As it was previously suggested a periodic mesh stiﬀness variation is equivalent
to a periodic load and the larger the total stiﬀness variation and its variation rate
are potentially more aggressive are the dynamic eﬀects. Figures 3.4 show the mesh
stiﬀness for a single mesh period for the diﬀerent gear geometries at the simulated
operating conditions. Some minor variations due to dynamic frictional eﬀects can be
observed in some of the ﬁgures, namely ﬁgure 3.4a. The most important thing to
note here is the mesh stiﬀness for the C40 gear which varies in a step like fashion
at the transition from two to a single meshing tooth pair, so naturally the dynamic
eﬀects due to mesh stiﬀness excitation will be more relevant in the case of the C40
gear.
Figures 3.5 show the normalized load distribution (FN(t)/Fbn) taking into account
frictional eﬀects at stabilized dynamic conditions. The results clearly show that for
the selected simulation conditions the dynamic load amplitude is the highest for the
C40 spur gear. This comes as no surprise because the C40 spur gear mesh stiﬀness
varies in a step like fashion, as observed in ﬁgures 3.4. The H501 and H951 helical
gears show much lower dynamic load amplitudes than the spur gear mainly due to
the much smoother mesh stiﬀness variations. It should be noted that the H951 mesh
stiﬀness is almost constant which translated in the very low dynamic load amplitudes
at the selected simulation conditions.
Figures 3.6 to 3.17 show the power loss simulations for the conditions presented
in table 3.6. The stabilized dynamic average power loss results are presented in table
3.7. The results show that there are some diﬀerences between the local quasi-static
and local dynamic average power loss. The diﬀerences are at their highest 3.6% (60
W) for the C40 simulation at ω1n. The C40 gear shows also the highest load variations
(dynamic overload up to 2 according to ﬁgure 3.7a) along the path of contact for the
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simulated operating conditions. In the case of the H501 and H951 gears the dynamic
overloads due to mesh stiﬀness and self-excitation do not seem as relevant as in the
spur gear, mainly due to the smoother mesh stiﬀness transitions as shown in ﬁgures
3.4.
The average power loss is calculated according to equation (2.5.5) which depends
on the local properties of the CoF, sliding velocity and load distribution. This in-
dicates that the diﬀerences between the quasi-static and dynamic average power loss
depend on the local variation of such properties. Tables 3.8, 3.9 and 3.10 show the
diﬀerences between the averages of the quasi-static and dynamic CoF, sliding velo-
city and load distribution along the plane of action. The spur gear shows the highest
variations of average load, speed and CoF along the path of contact, which was
somewhat expected due to the nature of the mesh stiﬀness of this spur gear. There
is no clear and apparent relation between the average CoF, load and speed variations
(quasi-static vs dynamic) and the quasi-static and dynamic average power loss.
Initially it was suggested that including dynamic eﬀects in the average power loss
could potentially change the average power loss, namely due to the non-linear load
dependence of the local CoF, it turns out that diﬀerences exist not only due to local
CoF variations with the dynamic load and sliding velocities, but also directly due to
dynamic load and sliding velocities.
Figures 3.6e, 3.7e, 3.8e and 3.9e and 3.12e clearly show the inﬂuence of dynamic
eﬀects (dynamic load and sliding velocity) in the CoF evolution along the plane of
action.
It should be noted that the H951 results appear to be inﬂuenced by mesh stiﬀ-
ness variations due to numerical approximations, as it can be observed in ﬁgures
3.4, nevertheless this gear has the curious property of having an almost constant
mesh stiﬀness, which results in a smoother operation and less mesh stiﬀness induced
dynamic eﬀects which should result in a better match between the quasi-static and
dynamic average power loss results.
The diﬀerences in the average load for the quasi static simulations (total normal
load is kept constant and at 477.78Nm) for a given gear are due to the fact that the
frictional eﬀects are included therefore aﬀecting the local quasi-static load distribution
and its average value.
Table 3.7.: Average power loss at stable dynamic conditions considering the µXu local
CoF.
Load Speed Power loss [W]
[Nm] [rpm] C40 H501 H951
S D ∆ [%] S D ∆ [%] S D ∆ [%]
477.78
ω1self 99.3 97.2 2.2 70.7 70.5 0.3 14.2 14.2 0
ω2self 403.3 389.9 3.4 361.3 357.3 1.1 79.4 78.1 1.7
ω1n 1728.3 1668.1 3.6 1505.4 1483.6 1.5 538.8 525.3 2.6
1200 552.82 539.2 2.5 481.7 477.7 0.8 172.5 168.1 2.6
S - Quasi-static load; D - Dynamic load
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Table 3.8.: Average CoF at stable dynamic conditions considering the µXu local CoF
formulation.
Load Speed CoF [−]
[Nm] [rpm] C40 H501 H951
S D ∆ [%] S D ∆ [%] S D ∆ [%]
477.78
ω1self 0.0543 0.0544 -0.2 0.0531 0.0530 0.2 0.0452 0.0452 0.0
ω2self 0.0464 0.0464 0.0 0.0443 0.0442 0.22 0.0373 0.0373 0.0
ω1n 0.0395 0.0400 -1.25 0.0377 0.0378 -0.3 0.0301 0.0301 0.0
1200 0.0448 0.0451 -0.7 0.0429 0.0428 0.2 0.0342 0.0342 0.0
S - Quasi-static load; D - Dynamic load
Table 3.9.: Average sliding velocity (m/s) at stable dynamic conditions considering
the µXu local CoF formulation.
Load Speed Sliding Velocity [m/s]
[Nm] [rpm] C40 H501 H951
S D ∆ [%] S D ∆ [%] S D ∆ [%]
477.78
ω1self 0.230 0.224 2.7 0.146 0.146 0.0 0.0256 0.0256 0.0
ω2self 1.09 1.04 4.8 0.893 0.876 1.9 0.173 0.174 -0.6
ω1n 5.51 5.33 3.4 4.37 4.37 0.0 1.46 1.46 0.0
1200 1.55 1.50 3.3 1.23 1.23 0.0 0.410 0.410 0.0
S - Quasi-static load; D - Dynamic load
Table 3.10.: Average load (N/mm) at stable dynamic conditions considering the µXu
local CoF formulation.
Load Speed Load [N/mm]
[Nm] [rpm] C40 H501 H951
S D ∆ [%] S D ∆ [%] S D ∆ [%]
477.78
ω1self 160.0 163.8 -2.3 280.1 281.1 -0.4 467.2 469.2 -0.4
ω2self 158.8 164.6 -3.5 280.0 280.5 -0.2 467.7 469.9 -0.5
ω1n 158.7 164.4 -3.4 279.9 279.7 0.1 468.1 465.8 0.0
1200 158.8 163.5 -2.9 280 279.8 0.1 467.9 467.0 0.2
S - Quasi-static load;D - Dynamic load
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(j) 1200 rpm.
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Figure 3.4.: Mesh stiﬀness taking into account frictional eﬀects at stabilized dynamic
conditions.
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Figure 3.5.: Normalized load distribution (FN(t)/Fbn) taking into account frictional
eﬀects at stabilized dynamic conditions.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.6.: Local quantities and power loss at stabilized dynamic conditions (ω1self =
177.7 rpm) - C40.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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(h) Total power loss.
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Figure 3.7.: Local quantities and power loss at stabilized dynamic conditions (ω2self =
845.0 rpm) - C40.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.8.: Local quantities and power loss at stabilized dynamic conditions (ω1n =
4264.3 rpm) - C40.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.9.: Local quantities and power loss at stabilized dynamic conditions (ω1n =
1200 rpm) - C40.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.10.: Local quantities and power loss at stabilized dynamic conditions
(ω1self = 142.0 rpm) - H501.
96
3.4. Results
0 1 2 3 4
x 10−3
0.5
1
1.5
Time, [s]
N
or
m
al
 F
or
ce
, [F
/F b
n]
 
 
(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.11.: Local quantities and power loss at stabilized dynamic conditions
(ω2self = 871.4 rpm) - H501.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
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Figure 3.12.: Local quantities and power loss at stabilized dynamic conditions (ω1n =
4260.4 rpm) - H501.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
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Figure 3.13.: Local quantities and power loss at stabilized dynamic conditions (ω1n =
1200 rpm) - H501.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.14.: Local quantities and power loss at stabilized dynamic conditions
(ω1self = 74.7 rpm) - H951.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.15.: Local quantities and power loss at stabilized dynamic conditions
(ω2self = 506.6 rpm) - H951.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.16.: Local quantities and power loss at stabilized dynamic conditions (ω1n =
4256.5 rpm) - H951.
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(a) Total normal force, Fbn(t). (b) Load per unit of line length,
fN (x, y).
(c) Sliding velocity, Vg(x, y).
(d) Hertzian pressure, P0(x, y). (e) CoF, µ
Xu(x, y). (f) Power loss per unit of line
length, pV ZP (x, y).
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Figure 3.17.: Local quantities and power loss at stabilized dynamic conditions (ω =
1200 rpm) - H951.
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3.5. Closure
In this chapter a four degree of freedom torsional lumped mass gear dynamic model
was deduced from the Principle of Least Action. The model considered the frictional
eﬀects in the vibrational behaviour. The eﬀects of gear dynamics and gear geometry
in the average power loss were then evaluated.
Gear geometry plays a very important role in gear dynamics. The spur gear showed
higher dynamic overloads mainly due to the step like mesh stiﬀness variations at the
transitions from gear mesh of multiple to single tooth pairs and vice versa. Friction
has not shown a signiﬁcant, yet visible, eﬀect in the torsional dynamic behaviour of
either spur and helical gears.
It was veriﬁed that there can be some diﬀerences (up to 3.6 % for the present
simulations in the case of spur gears) between the quasi-static and dynamic average
power loss (in this case at ω1n). This raises some concern because spur gears, namely
C40 gears, are often used to perform eﬃciency tests and calibrate power loss models
[2], namely the lubricant factor XL in the case of Schlenk's CoF formulation [48]
which has recently been adopted as a standard.
In subsection 2.5.4 it was demonstrated that the quasi static gear loss factor (con-
stant CoF) can be aﬀected by elastic and frictional eﬀects for spur and helical geo-
metries, table 2.4. Here it is demonstrated that gear power loss can be aﬀected by
dynamic eﬀects, therefore there is more potential for the lubricant parameter XL to
be adulterated by non-lubricant dependent eﬀects.
It was shown that gears with slow varying mesh stiﬀness are prone to be less
aﬀected by dynamic self-excitations. It was also shown that dynamic excitations can
have an inﬂuence in the average power loss and potentially in the lubricant parameter
(XL), therefore a gear that is pre-disposed to promote a smoother operation should
be better to perform power loss studies in which the aim is not to study the gear,
but the lubricant. Such gear would ideally have a constant mesh stiﬀness (potentially
less dynamic eﬀects) and a gear loss factor similar to that of the C40 gear (≈ 0.2) in
order to have an experimental torque loss less aﬀected by measurement. Such gear
would have to be an helical gear.
The model that was developed does not take into account the changes in the length
of the path of contact due to elastic eﬀects, manufacturing errors and transverse shaft
stiﬀness. The eﬀects that were neglected and the respective changes in the length of
the path contact would most likely result in further modiﬁcations on the predicted
power loss.
Despite power loss being the main focus of this work, gear dynamics still play a
important role in gear design. Tooth root safety, transmission error and tooth surface
distress related failures are still a concern. Previous studies [104, 105] showed that
the load history plays a very important role in surface distress phenomena like wear
and micropitting, therefore the scope of application of the proposed model (dynamic
power loss model) can be extended and not limited to just eﬃciency studies.
104
4. Power Loss in a Multiplier
Planetary Gearbox Lubricated
with Wind Turbine Gear Oils
This chapter is dedicated to an experimental and numerical study in a multiplier
planetary gearbox lubricated with wind turbine gear oils. The inﬂuence of operating
conditions and gear oil formulation in the power loss and its components is studied.
The lubricants that were selected are presented. The gearbox test rigs and all of
the experimental procedures are explained. The numerical power loss model for
the full planetary gearbox is also introduced and its estimations compared with the
experimental results.
4.1. Planetary gearbox
The selected gearbox is an industrial planetary speed reducer with a transmission
ratio of 4 with a nominal input speed of 1000 rpm and a nominal output torque of
2500 Nm.
Planetary transmissions have some advantages over parallel axis gearboxes. In a
planetary gearbox, the axis of the input shaft is collinear with the axis of the output
shaft, and due to this particularity it is possible to obtain compact designs with
high power density (nominal power that the gearbox is capable of transmitting over
the volume of the planetary transmission), which makes planetary gearboxes perfect
candidates for a wide range of applications. The eﬃciency of this kind of gearboxes
is already quite high, mainly due to the way the load is distributed between the gear
meshes and the very low sliding velocities of the planet/ring gear mesh.
The tested planetary gearbox was fully disassembled (details shown in ﬁgures 4.1
and 4.2) and therefore the components of the gearbox could be measured and listed.
The geometrical characteristics of the gears are listed in table 4.1 and the gearbox
rolling bearings are listed in table 4.2. While disassembled it was possible to verify
that the deep grove ball bearing is shielded and contains its own lubricant (grease).
The tapered roller bearings are oils sump lubricated (gear oil). The planets connect
to the planet carrier through a pin and roll over full-complement (cageless) needle
roller bearings. Figure 4.3 is a manufacturer's scheme of the assembly of the planetary
gearbox.
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Figure 4.1.: Disassembled planetary gearbox.
Figure 4.2.: Detail of the full-complement (cageless) needle roller bearing.
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4.1. Planetary gearbox
Figure 4.3.: Scheme of the planetary gearbox.
Table 4.1.: Geometrical characteristics of gears in the planetary gearbox.
Sun Planet Ring
number 1 3 1
m [mm] 2
α [◦] 20
β [◦] 11
zi [/] 36 36 -108
b [mm] 42 40 42
x [mm] -0.0536 -0.0536 0.1609
k ·m [mm] −0.0665 −0.0665 0
Ra [µm] 0.08
d [mm] 73.348 73.348 -220.043
db [mm] 68.772 68.772 -206.318
da [mm] 77.000 77.000 -215.399
dw [mm] 73.131 73.131 -219.392
αtw [
◦] 19.880
aw [mm] 73.131
Table 4.2.: Rolling bearings and seals in the planetary gearbox.
Component Qty. Ref. Lubrication
Tapered RB (TRB) 2 32022 X/Q gear oil
Deep groove BB (DGB) 1 6217-2Z LiM grease:
(ν40 = 100, ν100 = 10 cSt)
Input seal (lip seal) 1 140×170×13 gear oil
Output seal (lip seal) 1 72×100×10 gear oil
Full-complement 3 sets of
6×23 gear oil
needle RB (FCNRB) 23 needle rollers
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4.2. Wind Turbine Gear Oils
The most important role of a lubricant is the reduction of friction and wear with the
aim of providing smooth operation and a satisfactory life for machine components.
The lubricants that are usually found in a gearbox are the liquid lubricants (oils)
and lubricating greases. Despite the main focus in this thesis being in the wind
turbine gear oils, it should be noted that lubricant greases mainly the ones with
polymer based thickeners have been the focus of many studies [106111] (power loss
in rolling bearings).
Wind turbine lubricants need to last as long as possible, oﬀering excellent oxidation
and shear stability, whilst protecting key turbine components such as main bearings
from failure, and gears from micropitting [112].
Four fully formulated ISO VG 320 wind turbine gear oils were selected, two of
them being mineral based oils (MINR and MINE) and the other two being synthetic
based oils: a poly−α−oleﬁn (PAOR) and a polyalkyleneglycol (PAGD).
4.2.1. Techniques and devices
The chemical composition and the physical properties of the selected oils were
listed in the manufacturer's data sheets. Nevertheless, a few measurements regard-
ing the physical properties were carried out in order to conﬁrm the data given by
the manufacturers and to have a higher accuracy in the lubricant properties and
behaviour.
Viscometry
To measure the viscosity of the selected lubricants an Engler viscometer was used,
which consists of two containers, one inside another, supported by a three legged
adjustable support [113].
The desired ﬂuid is placed in the inner container which has a hole on the bottom.
A wood pointer is used to close or open the hole, in order to stop or allow the ﬂuid
ﬂow. The space between the inner and outer container is ﬁlled with thermal ﬂuid.
The containers are heated by an electrical element and the temperature of each ﬂuid
is controlled with a thermometer [114].
The measurement procedure followed the IP 212/92 standard [113]. Figure 4.4a
shows the Engler viscometer used to measure the viscosity of the tested oils.
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Densitimetry
In order to measure the variation of density of the tested oils at atmospheric
temperature a density meter was used.
The density meter used, ﬁgure 4.4b, collects a 2ml sample and measures the density
of a ﬂuid in a range of temperatures between 0 and 40◦C. The density of each oil
sample was measured at three diﬀerent temperatures so that the thermal expansion
coeﬃcient was determined [115], allowing the calculation of each oil's density at a
given temperature.
(a) Engler viscometer. (b) Anton Paar DMA 35N density
meter.
Figure 4.4.: Devices used.
Film Thickness and traction curves
Film thickness and stribeck curve measurements were performed on an EHD2 ball-
on-disc test apparatus from PCS Instruments equipped with optical interferometry
as presented in Figure 4.5 [116]. The machine measures the lubricant ﬁlm thickness
properties in the contact formed between a 3/4′′ diameter steel ball and a rotating
glass disk by optical interferometry. The lubricant ﬁlm thickness at any point in
the image can be accurately calculated by measuring the wavelength of light at that
point. Normally the system measures the wavelength of the light returned from the
central plateau of the contact and hence calculates the central ﬁlm thickness.
For the traction measurements the ball runs against a steel disc and the load is
applied by moving the ball upwards towards disc, generating contact pressures up to
1.11 GPa.
The EHD2 ball-on-disc test rig was already used in a previous work. For further
details on the machine's working principle and test methodology please refer to ref.
[116]. There are no ﬁlm thickness and stribeck curve measurements for the PAGD
gear oil. The reason being that PAGD's base oil might be incompatible with the seals
used in the EHD2 machine.
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Figure 4.5.: EHD2 ball-on-disc test apparatus from PCS Instruments.
4.2.2. Lubricant properties
The kinematic viscosity variation with temperature calculation followed the stand-
ard ASTM D341 [114]. For the four tested gear oils, the viscosity variation with
temperature is shown in ﬁgure 4.6a.
It is possible to observe that at 40◦C the gear oils have similar kinematic viscosity
except for PAGD, which is lower. With temperature increase, the viscosity decreases,
being the MINR the oil with the highest variation and PAGD being the lowest. MINE
and PAOR show a very similar behavior for the considered range of temperatures.
This behaviors are easily related to the viscosity index. In Table 4.3 is possible to ob-
serve that MINR has the lowest viscosity index while PAGD has the highest. MINE
and PAOR have similar viscosity index and the same viscosity at 40◦C thus showing
a very similar behavior.
The density variation with temperature is shown in ﬁgure 4.6b. It is to be noticed
that PAGD has a range of density considerably higher than all the other oils, having
a higher density than water for temperatures below 90◦C. The chemical composition
and the physical properties are summarized in Table 4.3.
In terms of chemical composition, the largest diﬀerences are in the phosphorous,
boron and sulphur values of PAGD when compared to the other oils. PAGD has
more than twice the amount of phosphorus, while having values dozen of times lower
of sulphur and boron. Phosphorus, boron and sulphur are known to be used in the
chemical composition of the gear oils as extreme pressure additives.
Table 4.4 shows the pressure-viscosity coeﬃcients given by Gold's equation [117],
αGold, as well as, some values calculated after the experimental ﬁlm thickness meas-
urements [116]. The αFTM values were calculated using a bounded non-linear least
squares optimization algorithm. The objective function was the relative diﬀerence
between the experimental and numerical data (ﬁlm thickness). For further detail on
the ﬁlm thickness model that was used and optimization procedure please refer to
ref. [116].
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Figure 4.6.: Tested oils' viscosity and density variations with temperature.
The values given by Gold's equation are clearly dependent on the lubricant type
(base oil) and on the temperature. The αFTM values are, in general, lower than the
corresponding αGold values. Such diﬀerence is very large in the case of the MINE
gear oil (42 % lower), which is known to have shear thinning properties due to the
viscosity improving additive PAMA [116]. In fact Greenwood et al. [118] studied a
Mineral+PAMA blend with 4% of PAMA that exhibited shear thinning properties.
The inﬂuence of the temperature also doesn't seem consistent, e.g. αFTM @ 40
◦C≈αFTM@ 80 ◦C for MINR.
This indirect prediction of the pressure-viscosity coeﬃcient using ﬁlm thickness
measurements, although useful, needs further research since there is not a clear con-
sensus in the literature [116,119,120].
The Stribeck curves were also measured at 80 and 120 ◦C and the results are
presented in Figure 4.7. The coeﬃcients of friction are presented using the modiﬁed
Hersey number suggested by Brandão [40] and given by equation (4.2.1). The original
Hersey number (S) is given by equation (4.2.2).
Sp =
η0 · (U1 + U2) · α1/2
F
1/2
N
(4.2.1)
S =
η0 · (U1 + U2)
FN
(4.2.2)
Brandão proposed that for a modiﬁed Hersey number Sp < 10−9, the contact is
under boundary ﬁlm lubrication, while for Sp > 10−7 it is under full ﬁlm lubrication.
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Table 4.3.: Chemical composition and physical properties of the tested lubricants.
MINR PAOR MINE PAGD
Base oil: Mineral Poly−α−oleﬁn Mineral Polyalkalene
+40% PAMA Glycol
Chemical composition
Zinc (Zn) [ppm] 0.9 <1 3.5 1.0
Magnesium (Mg) [ppm] 0.9 <1 0.5 1.4
Phosphorus (P) [ppm] 354.3 460 415.9 1100
Calcium (Ca) [ppm] 2.5 2 0.5 0.8
Boron (B) [ppm] 22.3 36 38.4 1.0
Sulfur (S) [ppm] 11200 6750 5020 362
Physical properties
Density @ 15◦C [g/cm3] 0.902 0.859 0.893 1.059
Thermal expansion
-5.8 -5.6 -6.7 -7.1
coeﬃcient x 10−4 [K−1]
Viscosity @ 40◦C [cSt] 319.22 313.52 328.30 290.26
Viscosity @ 70◦C [cSt] 65.81 84.99 93.19 102.33
Viscosity @ 100◦C [cSt] 22.33 33.33 37.13 51.06
Viscosity Index 85 150 163 241
The results presented in Figure 4.7 show the expected behaviour for Sp > 10−7.
Under these conditions the coeﬃcient of friction of the synthetic formulations is quite
similar for the same temperature and signiﬁcantly lower than MINR. The inﬂuence
of the temperature is clear for all the wind turbine gear oils: the coeﬃcient of friction
decreases when the temperature increases (see Figures 4.7a and 4.7b).
At 80 ◦C, the modiﬁed Hersey number never reaches 10−9 and so the oils remain
under mixed ﬁlm lubrication for values Sp < 10−7. At 120 ◦C the oils come closer to
the expected boundary lubrication condition, and for these conditions very similar
coeﬃcients of friction values are observed, see Figure 4.7b, whatever the base oil and
additive package considered.
The speciﬁc ﬁlm thickness and Stribeck curves results indicate that the base oil is
Table 4.4.: Pressure-viscosity coeﬃcients determined based on ﬁlm thickness meas-
urements (αFTM) and Gold equation (αGold).
θoil Pressure-viscosity MINR PAOR MINE PAGD
∗
50 ◦C αFTM 1.443 1.143 0.651 −
αGold 1.995 1.469 1.346 1.208
80 ◦C αFTM 1.403 1.053 0.653 −
αGold 1.667 1.262 1.112 1.057
100 ◦C αFTM 1.308 0.942 0.644 −
αGold 1.526 1.181 1.011 0.9843
∗ - PAGD was not tested due to incompatibility with the PCS EHD2 test rig seals.
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Figure 4.7.: Stribeck curve measurements [116].
a deciding factor regarding traction under full ﬁlm conditions. However, in boundary
conditions the traction coeﬃcient is quite similar between the diﬀerent oil formula-
tions [9, 116].
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4.3. Gearbox Eﬃciency Measurement
As previously discussed in chapter 1 power loss models often need to be exper-
imentally validated or calibrated in order to be conﬁdently used. This section is
dedicated to the presentation of the experimental methodology that was followed
to study the power loss in a planetary gearbox. The planetary gearbox in study
is presented as well as the gearbox test rigs. The experimental procedure that was
followed for the total and no-load losses was also presented. The reasoning behind
the experimental plan that was devised is also demonstrated.
4.3.1. Gearbox test rigs
Two diﬀerent test rigs were used to study the power loss in the planetary gearbox.
One of the rigs was used to evaluate the total losses and the other one the no-load
losses.
Total power losses
The gearbox test rig works on a back-to-back conﬁguration with recirculating
power. Two sets of helical gears, represented by number 2 and 7 on ﬁgure 4.8, are
used in order to recirculate the power. Both sets are lubricated by oil injection.
Figure 4.8.: Top view diagram of the gearbox test rig.
The test and slave gearboxes, numbers 4 and 6, work on a back-to-back conﬁgur-
ations, matching the input speed of one gearbox with the output speed of the other.
Thus, only reversible gearboxes can be tested. The test rig and the back-to-back
conﬁguration of the gearboxes is presented in ﬁgure 4.9.
The test rig is able to test gearboxes with asymmetrical geometries, due to the
adjustable platforms (12 and 14). The torque transducer (5) placed between the test
and slave gearboxes can have its height and depth adjusted by the mobile platform
(13).
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The torque loading mechanism consists of a hydraulic cylinder that introduces an
axial displacement on one of the helical gears of the gear set 2. The axial displacement
forces the wheel to slightly rotate, creating a torsional displacement in the test rig
components and so loading it with a static torque.
The rotational speed of the electric motor and the torque on the torque transducer
(5) are set on the central control board, show in ﬁgure 4.10.
On its current conﬁguration, the test rig has the highest torque in between the
gearboxes promoting a smoother operation. The test rig allows operating conditions
in the following range:
• Rotational speed: 100− 1900 rpm;
• Torque: 100− 1300 Nm.
The torque control is done in the torque transducer (5) which is located between
both gearboxes. The gearboxes setup is so that the highest torque only occurs in
between gearboxes, allowing to test higher loads without submitting the rest of the
test rig to those loads, therefore, the rest of the test rig operates at lower loads and
higher speeds, which beneﬁts speed control of the driving motor.
In order to assess the working temperatures, the test rig is equipped with several
thermal sensors, some of which were installed in the test gearbox. The sensors are
measuring:
• The oil temperature in two diﬀerent zones (industrial grade PT100 RTD's);
• The wall temperature (industrial grade PT100 RTD's);
• The room temperature.
A picture of the gearbox instrumented with the three temperature sensors is shown
in ﬁgure 4.11.
The input and output torque as well as rotating speeds were also constantly meas-
ured and recorded over time.
Figure 4.9.: Photograph of the test rig (back-to-back conﬁguration).
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Figure 4.10.: Central control board.
(a) Oil temperature sensors. (b) Wall temperature sensor.
Figure 4.11.: Temperature sensors' positioning in the test gearbox.
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No-load power losses
A no-load power loss test rig was developed from the ground up in order to more
precisely evaluate the no-load power loss in the planetary gearbox. Figure 4.12 shows
the no-load gearbox test rig and its central control board.
The test rig allows the study of no-load losses in several gearbox conﬁgurations as
long as they are guaranteed to ﬁt within the dimensional restrictions of the test rig
and the no-load loss is not higher than the torque that the torque cell is capable of
measuring. The electric motor of the test rig has a nominal power of 7.5 kW and a
nominal rotational speed of 2920 rpm at 400 V / 50 Hz. In its current conﬁguration
the gearbox test rig allows input speeds from ≈30 up to ≈1000 rpm. It should also be
noted that diﬀerent operating ranges are available by changing the driving pulleys.
(a) Central control. (b) No-load gearbox test rig.
Figure 4.12.: No-load gearbox test rig and central control.
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Figure 4.13.: Scheme of the no-load power loss gear box test rig
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The torque measuring device is an ETH Messtechnik DRDL II torque transducer
assembled at the input of the test gearbox, as shown in ﬁgure 4.13. The technical
characteristics of the sensor are displayed in Table 4.5. The system uses a sensor
interface (ValuemasterBase) to communicate with a PC or Notebook with an Ethernet
connection. The integration of the torque cell with the software allows to record the
torque values with an adjustable sampling rate (from 1 to 1000 Hz).
Table 4.5.: Technical speciﬁcations of the ETH DRDL II torque cell.
Torque Transducer Type DRDL II
Nominal torque [Nm] 50
Measurement range [Nm] 5/10/20/50
Non-linearity [%] < 0.1
Hysteresis [%] < 0.1
Accuracy [%] 0.01
Temperature sensitivity [%/K] 0.01
Torque Measuring Module Type V alueMasterBase
Accuracy [%] 0.02
Non-linearity [%] 0.1
AD converter resolution 11 bit + 1
bit for leading sign
The gearbox oil sump temperature was measured using a Type-k thermocouple
installed in a Data Logger OMEGAETTE HH306 THERMOMETER. Figure 4.14
shows the Type-k thermocouple installed in the planetary gearbox as well as the
temperature data logger.
4.3.2. Experimental campaign
Load tests
In order to fully understand the inﬂuence of the operating conditions on the torque
loss behaviour of the gearbox, a grid of 16 tests was planned, comprising 4 diﬀerent
loads (1600/2000/2400/2800 Nm) and 4 diﬀerent speeds (100/150/200/250 rpm).
The operating conditions of the 16 tests grid were selected according to the working
conditions allowed by the test rig and according to the planetary gearbox speciﬁca-
tions. From that grid, 5 tests were selected aiming to match the working conditions
of one of the stages of a gearbox used in wind turbines, in terms of Hertz pressure
and tangential speed.
For the same geometry the Hertzian pressure is essentially function of the load
while the tangential speed is function of the rotational speed. The contact pressures
and the tangential speeds resulting from the imposed working conditions on the test
gearbox are presented in Table 4.6, and the contact pressures and tangential speeds
of a gearbox used in a 2.5 MW wind turbine [121] are presented in Table 4.7. The full
planning of the 5 grid tests is shown in Table 4.8. The speeds and torques mentioned
are the ones measured between the gearboxes (Figure 4.8).
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(a) Type-k thermocouple. (b) Data Logger
OMEGAETTE
HH306 THER-
MOMETER.
Figure 4.14.: Type-k thermocouple and temperature data logger in the no-load gear-
box test rig.
Table 4.6.: Tangential speed at the pitch line and average Hertz Pressure in the test
gearbox.
Imposed rotational Tangential speed Imposed torque Hertz pressure
speed [rpm] [m/s] [Nm] [N/mm2]
100 1.15 1600
598.6 (SP)
323.1 (PR)
150 1.72 2000
665.3 (SP)
357.8 (PR)
200 2.30 2400
724.9 (SP)
388.8 (PR)
250 2.87 2800
779.3 (SP)
416.8 (PR)
SP − Sun-Planet contact
PR − Planet-Ring contact
Table 4.7.: Tangential speed at the pitch line and average Hertz Pressure in gearboxes
used in wind turbines.
Gear Stage Tangential Speed Hertz pressure
[m/s] [N/mm2]
1st Stage 1.63
726.3 (SP)
383.3 (PR)
2nd Stage 5.49
739.2 (SP)
562.7 (PR)
SP − Sun-Planet contact
PR − Planet-Ring contact
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Table 4.8.: Experimental test plan.
Oil
Speed Torque Power Test time
[rpm] [Nm] [kW] [min]
PAOR/MINR/MINE/PAGD
100 2800 29 240
150
2000 31 240
2400 38 240
2800 44 240
200 2800 59 240
The duration of each load test was four hours so that stabilized operating condi-
tions (load, speed and temperatures) could be achieved.
The ventilation of the room where the test rig operates could not guarantee a sta-
bilized room temperature. Nevertheless, the power loss is function of a temperature
diﬀerence (∆T = Toil − Troom) which achieved reasonably stable values (variation
< 0.8 ◦C/h).
The values read by the sensors were automatically recorded by the central control
with a frequency of 0.5 Hz. The calibration values of the torque transducers were
checked periodically in order to assure proper function.
The gearboxes' (test and slave) lubricating oil was always changed at the same
time. The oil was drained through a plug in the bottom and then the gearboxes
were ﬂushed with petroleum ether, except for PAGD which was ﬁrst ﬂushed with an
ISO VG320 ester oil and a special solvent afterwards (isopropanol). The solvent was
removed the same way as the oil, and then the gearboxes were left to dry out any
solvent remains for 12 h and then were ﬁlled with 1 L of fresh lubricant.
No-load tests
The no-load loss tests were done in the in-house developed no-load gearbox test
rig (subsection 4.3.1).
The tests were done taking into account and imposing the oil sump temperature
that was measured in the free oil sump temperature load tests. Table 4.14 shows the
oil sump temperatures at stabilized conditions, as measured at temperature probe
TOil M12 (Figure 4.11a).
The test gearbox was mounted on the gearbox no-load loss test rig as shown in Fig-
ure 4.12b. The nominal speed of a certain test was imposed using the test rig central
control board (Figure 4.12a) and the gearbox was heat up using an heat chamber up
to the desired test temperature. For each single test the torque measurement starts
at TOil M12 −1◦C and ﬁnishes at TOil M12 +1◦C. The no-load torque loss is then
taken as the average of the torque values measured between TOil M12 ±1◦C
In order to test diﬀerent lubricants the gearbox was ﬂushed following the already
described process in subsection 4.3.2.
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4.4. Planetary Gearbox Power Loss (classical
model)
The classical power loss model that was presented in chapter 1 can be applied to
estimate the power loss in the planetary gearbox presented in chapter 4.3, but some
particular aspects must be taken into consideration. In this chapter the speeds, loads
and particular model implementation details are discussed.
4.4.1. Kinematics and loads
According to Anderson et al. [122] the angular speed of tooth engagement is the
gear speed that would be obtained as if the planet carrier was stationary. In this
conﬁguration the sun/planet speed is the sun gear absolute speed minus the carrier
speed. The planet/ring mesh speed is found by setting the ring speed equal to the
negative of the carrier speed [122]. In this way the torque balance is not modiﬁed,
therefore the loads are still identical for a ﬁxed or rotating carrier [122]. Figure 4.15
is a two view schematic of a ﬁxed ring planetary gearbox with three planets. Figure
4.16 shows the graphical determination of the peripheral and rotational speeds of a
planetary gearbox [123].
(a) Front view. (b) Side view.
1 - Sun; 2 - Planet; 3 - Ring; 4 - Planet carrier.
Figure 4.15.: Schematic representation of a planetary gear.
With the aid of ﬁgures 4.15, 4.16 and the concept of the stationary planet carrier
already introduced, the relevant speeds of the sun, planet, ring and planet carrier
were calculated (equations (4.4.1) to (4.4.5)).
The gear ratio in a planetary gear is given by equation (4.4.1).
uplnt = 2 +
2 · zp
zs
(4.4.1)
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where N and k are same as in Equation (6.19), and p is the greatest common divisor of num-
bers z2 and z20.
6.1.5 Diagrams of Peripheral and Rotational Speeds
Kinematics of PGTs can be determined graphically by means of diagrams of peripheral and
rotational speeds. Those diagrams are to be drawn by the scheme of PGT, in its upper half.
Beside the values of peripheral and rotational speeds, they offer a clear account of the main
members’ directions of rotation and their relations, as demonstrated in Figure 6.16 for the
1AI train. Horizontally, at the height where they appear in the train scheme, the peripheral
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Figure 6.16 Graphical determination of the peripheral and rotational speeds: (a) scheme of train,
(b) peripheral speed diagram, (c) rotational speed diagram
Figure 6.15 Example of correct assembly (See Plate 3)
344 Gears and Gear Drives
Figure 4.16.: raphical dethermination of the peripheral and rotational speeds: a)
chem tic of the planetary train, b) peripheral speed diagram, c) rota-
tional speed diagram [123].
Following the gear ratio, the planet carrier speed is calculated according to equa-
tion (4.4.2).
ωc =
ωs
uplnt
(4.4.2)
To ﬁnd the relative speed (frame of reference attached to the planet carrier) of
the sun gear the speed of the speed of the planet carrier (4.4.2) must be subtracted
to the the speed of the sun gear (in a ﬁxed frame of reference) which yields equation
(4.4.3).
ωrs = ωs − ωc (4.4.3)
Since a reference frame rotating attached to the planet carrier is considered the
centres of the planets remain stationary in this referential, therefore the relevant
relative speed is given by equation (4.4.4).
ωrp = ω
r
s ·
zs
zp
(4.4.4)
The relative speed of ring is simply equal (in absolute value) to the speed to the
planet carrier (equation (4.4.5)).
ωrr = ωc (4.4.5)
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Table 4.9.: Calculated gear loss factor, HV .
Contact HGV
Sun-Planet 0.1497
Planet-Ring 0.0446
The normal and tangential loads in the sun, planets and ring gears in a planetary
gearbox can be calculated according to the expressions suggested in the MAAG gear
book [91]. Equations (4.4.6) to (4.4.8) express the loads for each gear contact in the
planetary gearbox (sun-planet and planet-ring contacts).
Fbt =
Tc
u ·Np · rbs (4.4.6)
Fbn =
Fbt
cos(βb)
(4.4.7)
Faxi = Fbt · tan(βb) (4.4.8)
4.4.2. Gears load losses
The gears load dependent losses were calculated according to the classical model,
equation (1.1.1).
The gear loss factor HV was calculated using the average power loss method sug-
gested in equation (2.5.6) in subsection 2.5.1. The load distribution was calculated
applying the quasi-static local elastic model previously introduced in section 2.3.
Table 4.9 displays the gear loss factors that were calculated (planetary gear geometry
from table 4.1).
Following the methodology introduced in previous works [2, 9] Schlenk's CoF for-
mulation, equation (1.1.14) was selected to estimate the average CoF in the gear
contact. The lubricant parameters, XL for the lubricants presented in section 4.2 are
already available [2] (Table 4.10). According to what it is known from traction curve
experiments and also experimentally observed in this work (ﬁgures 4.7), the coeﬃ-
cient of friction reaches a minimum under mixed ﬁlm steadly increasing in diﬀerent
conditions. The formulation proposed by Schlenk [48] cannot replicate this increase
with Λ, therefore its domain of application is limited from boundary up to mixed
lubrication. In fact according to the ﬁndings in previous works [2] Schlenk's equation
only holds up to speciﬁc ﬁlm thicknesses of Λ = 2.5. In order to mitigate this issue
for operating points where Λ ≥ 2.5 the average CoF µmz was calculated with the
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sum velocity at pitch point U1 + U2 that would give Λ = 2.5 (the lowest acceptable
µmz).
Table 4.10.: Lubricant parameter XL for the selected oils [2].
Oil XL
PAOR 0.666
MINR 0.846
MINE 0.751
PAGD 0.585
In order to calculate the gear mesh input power PIN (1.1.1) (PIN = Fbti · ωi · rbi)
as well as the sum velocity at pitch point (U1 + U2) in the Schlenk's CoF (1.1.14)
the rotational speeds of the gears that must be considered are the ones that are in a
reference frame that runs attached to the planet carrier, i.e., the speeds of the gears
as if the planet carrier was stationary. The angular speeds to ﬁnd these quantities
were described in subsection 4.4.1.
4.4.3. Rolling bearings losses
According to table 4.2 the planetary gearbox presented in subsection 4.1 has 3
full-complement needle roller bearings, a deep groove ball bearing and two pre-loaded
tapered roller bearings.
Full-complement needle roller bearings
The power loss of the full-complement needle roller bearings presented in table 4.2
was estimated considering the Old SKF Model presented in subsection 1.3.2.
For full-complement needle roller bearings Harris [124,125] suggests that the power
loss is that of a needle roller bearing with rolling elements of the same size multiplied
by a factor of 1.5 to 2, a factor of 1.75 was selected. The selection of this particular
value (1.75) lies on the idea that a precise value could not be assessed without direct
torque loss measurement, therefore the middle/average value was selected.
The f1 factor (table 4.11) is the CoF due to radial load for needle roller bear-
ings. SKF suggests the same constant value for every lubricant which is not optimal.
According to table 4.10, MINR is the oil with the worst relative performance, then
f1 was kept at f1 = 0.002, as suggested by SKF, for MINR. The relative reduction
expressed in XL, promoted by the other lubricants was applied to the base f1, as
represented by equation (4.4.9).
f oil1 = f1 ·
XoilL
XMINRL
(4.4.9)
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Table 4.11.: Selected factors of inﬂuence for the full complement needle roller bear-
ings.
Factor Value
f0 6
f1 0.002
f2 0.006
The speed that should be considered to calculate the full-complement needle rolling
bearings losses (model presented in subsection 1.3.2) is the relative speed of the
planets ωrp (equation (4.4.4)).
The radial load in each full-complement needle roller bearing is given by equation
(4.4.10). Due to the nature of the helical planetary gears the resulting axial load in
the planets is theoretically equal to zero.
FR =
TC
Np · a (4.4.10)
It should be noted that in no-load conditions the full-complement needle roller
bearing no-load power loss is estimated considering M rol1,2 = 0 in equation (1.3.3).
The aforementioned 1.75 correction factor still applies to the no-load component
M rol0 , equation (1.3.3).
Tapered roller bearings
The model that was presented in subsection 1.3.3 was considered to calculate the
tapered roller bearing power loss.
The taper roller bearings (table 4.2) in the planetary gearbox are in a back-to-back
conﬁguration and subjected to an axial pre-load. This axial pre-load was estimated
to be equal to the minimum axial load for proper function, which is F 0axi = 4.66 kN.
The total load in the tapered rolling bearings is then given by the combination of
the axial pre-load and the axial force introduced by the three gear contacts, 3 · Faxi,
(equation (4.4.8)), i.e. F 0axi ± 3 · Faxi (in no-load operating conditions Faxi = 0 and
F 0axi = pre-load).
In its standard conﬁguration the SKF rolling bearing torque loss model, presented
in subsection 1.3.3, suggests for the sliding CoF µSKFsl the reference values of µ
SKF
bl =
0.15 and µSKFEHD = 0.002.
In previous works [1] the inﬂuence of the lubricants presented in table 4.3 in
the µSKFsl was studied for thrust ball and roller bearings. It was observed that the
reference µSKFbl and µ
SKF
EHD are not the same for each lubricant, in fact the values
given by SKF are the worst case scenario, which makes sense from a safe design
perspective. The reference µSKFbl and µ
SKF
EHD for either thrust roller and ball bearings
are quite diﬀerent from the ones suggested for tapered roller bearings. The custom
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µexpbl and µ
exp
EHD that were derived from experimental results in thrust roller bearings [1]
(the rolling elements are more similar to the ones found in a tapered roller bearing)
were compared with the reference ones given by SKF and a reduction ratio was
calculated according to equation (4.4.11). Table 4.13 shows the calculated µratiobl,EHD
ratios. This same ratio was then applied to the reference µSKFbl and µ
SKF
EHD for tapered
roller bearings. Table 4.12 shows the reference µSKFbl and µ
SKF
EHD for thrust roller and
tapered roller bearings.
Table 4.12.: µSKFbl and µ
SKF
EHD .
Oil µSKFbl µ
SKF
EHD
Tapered RB 0.15 0.002
Thrust RB 0.15 0.05(mineral)/0.04(synthetic)
µratiobl,EHD =
µexpbl,EHD
µSKFbl,EHD
(4.4.11)
Table 4.13.: Ratio for the calculation of µSKFbl and µ
SKF
EHD in tapered roller bearings
for each lubricant.
Oil µratiobl µ
ratio
EHD
PAOR 0.26 0.25
MINR 0.23 0.36
MINE 0.29 0.20
PAGD 0.17 0.25
Deep groove ball bearings
The New SKF model that was presented in subsection 1.3.3 was considered to
calculate the deep groove ball bearing power loss.
A lubricating grease with viscosity ν40 = 100 cSt and ν100 = 10 cSt was considered
for the deep groove ball bearing. The load acting in this rolling bearing is simply
the resultant of the axial forces, i.e 3 · Faxi. It should be noted that as per SKF's
recomendation [66] the churning losses due to grease lubrication should disregarded.
In no-load conditions Faxi ≈ 0 therefore the DGBB power loss in no-load conditions
is estimated to be zero.
4.4.4. Seals power Loss
Following the results of previous works [2, 9] the Simrit equation (1.4.2) was se-
lected. The model that was selected only considers the rotational speed of the shaft,
in this case, the input and output speeds which are related by the gearbox ratio as
shown in equation (4.4.1). The seal dimensions were presented in table 4.2.
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4.4.5. Power losses due to ﬂuid-body interactions
As it was previously referred in section 1.2 the no-load power losses in gears have
been object of study by several diﬀerent authors and a considerable amount of ex-
perimental and analytical studies are available. Some of the most relevant are the
ones presented by Terekhov [64], Boness [59], Höhn et al. [28], Seetharaman [60] and
Changenet et al. [55,62]. Recently Concli et al. [11,12,63] proposed a solution for the
problem of the churning power loss in a planetary speed reducer which was based on
a CFD approach.
In the present work, due to the complexity of the problem the churning losses
(PV Z0 + PV X) were not directly estimated with models, but were rather estimated
from no-load loss measurements that were performed in the newly developed no-
load loss gearbox test rig that was described in subsection 4.3.1. As described in
the experimental procedure (subsection 4.3.2) the no-load loss tests were performed
after the load tests so that the oil sump operating temperatures could be known and
therefore imposed during the no-load loss test. In this way the planetary gearbox
no-load loss could be measured with an oil sump temperature that matched the
temperatures of the corresponding load test.
Estimating the no-load gear and planet carrier losses, PV Z0 + PV X
In no-load conditions diﬀerent sources contribute to the no-load loss of the plan-
etary gearbox that was tested, namely: the input and output seals, the tapered roller
bearings due to pre-load and churning, the full-complement needle roller bearings due
to churning, the gears no-load losses due to churning and pocketing and the auxili-
ary churning loss due to the action of the planet carrier. From all of the mentioned
no-load loss sources only the gears no-load losses due to churning and pocketing and
the auxiliary churning loss due to the action of the planet carrier can't be properly
estimated (PV Z0 + PV X) due to the lack of reliable models.
Considering the information presented above, from the no-load power loss meas-
urements, here referred to as P expV 0 , it is possible to estimate the sum of the gear
churning and auxiliary losses (PV X + PV Z0).
As shown in chapter 1 the total power loss can be estimated by summing all of
the power loss sources, equation (4.4.12).
PV = PV Z0 + PV ZP + PV L + PV D + PV X (4.4.12)
In no-load conditions equation (4.4.12) becomes equation (4.4.13)
P expV 0 = PV Z0 + PV L + PV D + PV X (4.4.13)
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In equation (4.4.14) the PV L includes the full complement needle roller bearing
no-load and the tapered rolling bearings losses including the pre-load. The details
of calculation of the rolling bearings no-load power loss in no-load conditions were
highlighted in subsection 4.4.3. PV D are the seals losses which can be calculated
directly as described in subsection 4.4.4.
From the no-load loss measurement P exp.V 0 it is now possible to estimate a value for
the gears no-load losses due to churning and pocketing and the auxiliary churning loss
due to the action of the planet carrier (PV X + PV Z0), according to equation (4.4.14).
It should be noted that the quality of the PV X + PV Z0 estimation is dependent on
the quality of the estimation of the other no-load loss components.
PV X + PV Z0 = P
exp.
V 0 − (PV L + PV D) (4.4.14)
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4.5. Power Loss: Correlation Between
Experimental and Model Results
In order to test the accuracy and validity of the gearbox power loss model, load and
no-load dependent tests were performed in the planetary gearbox using the conditions
previously stated. In this chapter the experimental (load and no-load loss results)
will be presented and compared with the model estimations. The power loss will also
be broken down to its elementary components aiming to understand the main power
loss sources.
4.5.1. Experimental results
The oil sump and stabilized operating (∆T = T oilM5 − T room) temperatures for the
tested oils are shown in Figure 4.17.
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Figure 4.17.: Stablization (∆T ) and operating temperatures (T oilM5) of the planetary
gearbox.
For all the operating conditions, PAOR showed the lowest stabilization temperat-
ure (∆T ). According to section 1.5 this indicates that PAOR is the oil that promotes
the most eﬃcient operation.
For the lowest input torque (2000 Nm), PAGD showed the highest stabiliza-
tion temperature. For all the other tests, the highest stabilization temperature was
reached by MINR. To be noticed is the fact that for constant speed, MINR showed
a signiﬁcant increase of the stabilization temperature with increasing torque, while
PAGD started with the highest value, but kept the stabilization temperature almost
constant.
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At constant torque, all the oils showed a signiﬁcant increase of the stabilization
temperature with increasing speed (increasing input power).
The stabilization temperature is an indication of the ranking of the gear oils re-
garding their eﬃciency. The gearbox no-load losses as well as the ﬁlm thickness are
aﬀected by the oil sump temperature (density and viscosity depend of the oil sump
temperature). The oil operating temperatures (T oil), which are aﬀected by ambient
temperature, are also presented in Figure 4.17.
In Figures 4.18 the experimental total power loss results are presented. The power
loss results (ﬁgures 4.18) follow the same trends (∆T ) that were observed in ﬁgures
4.17. PAOR showed the best power loss performance while MINR usually had the
worst, exception being the PAGD at 150 rpm/2000 Nm. As for the other tests PAGD
and MINE showed similar power loss.
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Figure 4.18.: Power loss in the planetary gearbox at stabilized conditions.
The no-load losses that were measured include not only the gear and auxiliary
churning losses, but also the rolling bearings and seals no-load losses. As it was
previously mentioned the tapered roller bearings are pre-loaded which means that in
the measured no-load gearbox power loss there is a tapered rolling bearing load loss
component.
After the gearbox load tests were concluded the no-load losses were performed at
the corresponding speeds and oil sump temperatures (table 4.14). Figures 4.19 show
the measured no-load power loss results.
Regarding the no-load losses PAOR, MINR and MINE performed almost identic-
ally exception being the operating condition 200 rpm/2800 Nm where there is a little
bit of separation in the results. PAGD has promoted much higher no-load losses than
the others. PAGD is by far the oil with the highest density, so to keep accelerating a
larger mass of ﬂuid, more energy must be dispensed in the process, therefore it is be-
lieved that these diﬀerences should be mostly related to gear churning and auxiliary
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Table 4.14.: Experimental test plan (no-load temperatures, T oilM12).
Speed Torque Temperature [◦C]
[rpm] [Nm] PAOR MINR MINE PAGD
100 2800 55.32 60.26 55.13 57.05
150
2000 62.86 68.5 62.85 65.54
2400 65.08 70.66 64.72 68.19
2800 68.84 73.36 66.34 70.01
200 2800 78.03 84.5 73.72 80.33
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Figure 4.19.: Measured no-load power loss in the planetary gearbox at the temperat-
ures presented in table 4.14.
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losses (spin losses). It should be noted that the no-load loss variation with load in
Figure 4.19a is due to the fact that at higher loads the operating temperature (T ) was
higher (Figure 4.17) leading to lower operating oil viscosity and density potentially
lowering the spin loss and therefore the total no-load loss.
Speciﬁc ﬁlm thickness
The speciﬁc ﬁlm thickness was calculated with the Dowson et al. [126] equations
considering the lubricant properties at stabilized temperatures. Figure 4.20 shows
the speciﬁc ﬁlm thickness Λ as a function of the operating conditions.
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Figure 4.20.: Speciﬁc ﬁlm thickness in the sun-planet (SP) and planet-ring (PR) con-
tacts as a function of the operating conditions and pitch line velocity,
vt.
Generally MINE showed the highest speciﬁc ﬁlm thickness for the tested working
conditions, while MINR showed the lowest. According to Fernandes et al. [116]
Mineral+PAMA mixtures are known to be aﬀected by shear thinning eﬀects, so it is
possible that Λ may be overestimated for MINE.
Due to very low average roughness the speciﬁc ﬁlm thickness of the gears is quite
high specially for the planet-ring contact. As pointed out in chapter 4.4 this requires
special attention in the application of the Schlenk's equation which according to
previous works [2] is only valid for Λ ≤ 2.5.
4.5.2. Power loss estimations
The classical gearbox power loss model that was presented in chapter 1 was imple-
mented according to what was suggested in chapter 4.4. The power loss estimations
were then compared with the measurements.
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The implementation suggested in chapter 4.4 was applied to the no-load loss results
(ﬁgures 4.19). The no-load loss breakdown (ﬁgures 4.21) is quite similar for each
lubricant, with the exception of PAGD which shows distinctively higher churning
losses. The churning losses (PV Z0 + PV X) were then calculated from the no-load loss
measurements according to equation (4.4.14). Figures 4.21 show the no-load loss
broken down in its diﬀerent components. At constant speed the no-load loss in the
TRBs decreases mainly due to decreasing operating viscosity. At constant load there
is a sudden increase in the TRBs loss from 100 to 150 rpm.
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Figure 4.21.: No-load power loss (P expV 0 [W ]) breakdown in its diﬀerent components.
In ﬁgure 4.22 the churning losses (PV Z0 + PV X) were separated from the total
no-load losses. These are the results from the application of equation (4.4.14) that
was introduced in subsection 4.4.5.
The churning loss at constant speed (ﬁgure 4.22a) decreases with load. This
behaviour is connected to the fact that the oil sump temperature was set free, so
with increasing load the overall oil sump temperature (T oil) increases due to increasing
power loss in the power transmitting contacts, as shown in ﬁgures 4.17a and 4.18a.
At constant load (ﬁgure 4.22b) the spin loss seems to have a minimum at 150 rpm.
This minimum is due to the sudden increase in the tapered rolling bearings loss from
100 to 150 rpm that is observed in ﬁgures 4.21.
After breaking down and extracting the churning losses from the no-load loss
measurements the planetary gearbox power loss at the operating conditions presented
in table 4.8 could be estimated. Figures 4.23 show a comparison between the model
predictions and the experimental power loss.
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Figure 4.22.: Calculated churning losses at the stabilized temperatures (T oil, table
4.14) from the load tests.
2000 2400 2800
0
100
200
300
400
500
600
700
800
900
Power Loss @ 150rpm
Torque [Nm]
 
 
100 150 200
0
100
200
300
400
500
600
700
800
900
Power Loss @ 2800Nm
Speed [rpm]
 
 
(a) PAOR
2000 2400 2800
0
100
200
300
400
500
600
700
800
900
Power Loss @ 150rpm
Torque [Nm]
 
 
100 150 200
0
100
200
300
400
500
600
700
800
900
Power Loss @ 2800Nm
Speed [rpm]
 
 
(b) MINR
2000 2400 2800
0
100
200
300
400
500
600
700
800
900
Power Loss @ 150rpm
Torque [Nm]
 
 
100 150 200
0
100
200
300
400
500
600
700
800
900
Power Loss @ 2800Nm
Speed [rpm]
 
 
(c) MINE
2000 2400 2800
0
100
200
300
400
500
600
700
800
900
Power Loss @ 150rpm
Torque [Nm]
 
 
100 150 200
0
100
200
300
400
500
600
700
800
900
Power Loss @ 2800Nm
Speed [rpm]
 
 
(d) PAGD
2000 2400 2800
0
100
200
300
400
500
600
700
800
900
Power Loss @ 150rpm
Torque [Nm]
 
 
100 150 200
0
1 0
200
300
400
500
600
700
800
900
Power Loss @ 2800Nm
Speed [rpm]
 
 
Experimental Model
Figure 4.23.: Experimental vs Estimated power loss, (PV vs P
exp
V [W]), in the plan-
etary gearbox.
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These results show that the model and methodology that were employed are suit-
able to predict gearbox power loss. In table 4.15 the relative error between the
measurements and power loss predictions is presented. In most of the cases the error
is below 5% with a few exceptions for PAGD and MINR. The highest relative error
and only point above 9% was the prediction for MINR @ 100 rpm /2800 Nm.
Table 4.15.: Relative error of the power loss model estimations.
Speed Torque ∆ [%]
[rpm] [Nm] PAOR MINR MINE PAGD
100 2800 -2.5 -16.7 -4.7 -1.7
150
2000 0.5 4.4 1.3 6.2
2400 2.2 -0.4 0.2 8.7
2800 0.63 -4.8 -0.8 7.9
200 2800 -1.4 -5.3 0.6 5.8
One of the advantages of having a proper power loss model is that the power
loss can be broken down in its diﬀerent components. Figures 4.24 and 4.25 show
the numerical power loss breakdown for each one of the tested lubricants at every
operating condition.
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Figure 4.24.: Power loss (PV [W]) breakdown in its diﬀerent components in the plan-
etary gearbox.
At the selected operating conditions, near nominal output torque, the gears load
losses are the most inﬂuential component. The pre-loaded back-to-back TRBs and
the FCNRBs are both competing for the spot of second most important power loss
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Figure 4.25.: Power loss breakdown in its diﬀerent components in the planetary gear-
box (normalized to 100%).
component. However when combined the power losses of the TRBs, FCNRBs and
the DGBB are higher than the load power loss of the gears.
The axial loads introduced by the helical gears are not enough to signiﬁcantly
change the total load in the TRB's and that is why for a constant speed the power
loss does not change that much for these elements. Mainly due to their diameter, the
seals are an important source of power loss.
As it was previously discussed for the case of the PAGD the churning losses assume
a very important role.
The average coeﬃcient of friction between both Sun-Planet and Planet-Ring gear
teeth is presented in Figure 4.26 as a function of Λ.
The coeﬃcient of friction comparison between oils is very clear: PAGD leads to
the lowest coeﬃcient of friction, followed by PAOR and MINE, respectively, while
MINR lead to the highest value. In the other hand, it is possible to conclude that
when using PAGD, the reduction in gear losses due to the lower friction coeﬃcient
is not enough to compensate the higher churning losses, as the PAGD stabilization
temperature and power loss are higher than those of PAOR and MINE.
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Figure 4.26.: Oil comparison: Coeﬃcient of friction between the planet-ring and sun-
planet gear teeth.
4.6. Closure
Lubricant properties stand as one of the most important input variables in a
power loss model and as such the oils that were to take part in the experimental tests
were sampled and the main properties were measured. The experimental eﬃciency
tests were done at free temperature so the evolution of properties like kinematic
viscosity and density with temperature were studied using an Engler viscometer and
a commercial density meter. The ﬁlm thickness and traction curves for three of the
four wind turbine gear oils that were selected were also obtained using a PCS EHD2
ball-on-disc device. The traction curves allowed to understand the relative position
of the lubricants in terms of traction coeﬃcient. The ﬁlm thickness measurements
were also quite useful because they allowed to understand to some extent validity of
the piezoviscosity formulas and ﬁlm thickness equations.
The gearbox test rigs as well as the planetary gearbox that was tested were presen-
ted. The experimental procedures as well as the characteristics of the measuring
devices, torque cells thermocouples and RTD's were also presented. The reasoning
behind the selection of the operating conditions for the experimental plan was also
shown.
The classical gearbox power loss model presented in chapter 1 was implemented
and applied to a planetary gearbox. Certain aspects of the implementation of the
power loss model to the planetary gearbox in study were evaluated.
The experimental power loss study in a planetary gearbox was presented and
compared with the numerical estimations using some of the methods presented in
previous chapters.
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PAOR lead to the lowest values of stabilization temperature. MINR lead to the
highest stabilization temperatures, except for the test at 100 rpm, where the highest
temperature was achieved with PAGD. The diﬀerences between oils never exceeded
7◦C.
PAOR also showed to be more sensitive to both speed and torque increases than
PAGD, both standing between the two mineral based oils. The diﬀerences found were
maximum at the most severe conditions, and were about 10◦C.
The numerical model showed that at the ranged working conditions, the gears
are the most signiﬁcant power loss source. However, it should be noted that in all
cases the power loss in the rolling bearings (TRBs+FCNRBs+DGBB) accounts for
the majority of the power loss in the planetary gearbox.
For the same operating conditions, the numerical results indicate that PAGD had
the lowest load dependent power loss that is due to its lowest gear load losses which are
justiﬁed by the lower gear coeﬃcient of friction of PAGD. The rest of the components
have nearly the same losses for the tested oils. The gears losses vary accordingly to
the coeﬃcient of friction calculated for each oil.
PAGD achieved the lowest values for the coeﬃcient of friction while MINR had
the highest. PAOR and MINE stood in between, although PAOR had lower values
than MINE.
The churning losses are quite relevant, specially for PAGD which despite showing
the lowest coeﬃcient of friction in the gears (most important source of power loss) it
did not present the best power loss performance. The reduction of the friction in the
gears was not high enough to overcome the increase in the churning losses relatively
to the other lubricants.
The methodology and mechanical power loss model presented in this work seems
to perform quite well in what regards gearbox power loss prediction namely the load
losses, given the proper operating temperatures.
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and Local Power loss
(quasi-static vs dynamic)
The concepts introduced in chapters 2 and 3 for a single gear pair (load distribution
models and gear dynamics approach) were applied to the planetary gearbox in study.
The quasi-static average power loss solution is compared with the power loss including
dynamic eﬀects. The planetary gear dynamics model will be presented as well as the
simulation results for the operating conditions that are presented in Table 4.8 with
the addition of two self-excitation speeds.
5.1. Quasi-static Load distribution and gears power
loss
The quasi-static rigid, elastic and local elastic load distribution models that were
previously presented in sections 2.1, 2.2 and 2.3 were applied to the planetary gearbox.
These models can be readily applied to the sun-planet (external gear) and planet-ring
(internal gear) gear meshes.
Figures 5.1 show the load distribution and mesh stiﬀness that were obtained. The
load distribution obtained with each of the three models that were developed shows
some diﬀerences, namely at the maximum in the top of the load distribution curves.
These diﬀerences are intimately related to the mesh stiﬀness of the meshing tooth
which is shown in ﬁgures 5.1b and 5.1d. The main shape of the stiﬀness function is
quite similar, however the elastic model lacks some of the details of the local elastic
model which shows smoother transitions as well as an overall lower average stiﬀness
value. In section 2.4 it was shown that the results obtained with the elastic and local
elastic models were quite similar, however here there are some signiﬁcant deviations
which should be attributed to the reference value Kmax = KISOmax which is in this case
an overestimation of the maximum single stiﬀness.
The results of the quasi-static local elastic model were used to estimate the power
loss evolution along the path of contact for both of the gear meshes. The PAOR
lubricant (@ 78.03 ◦C) was selected, the speed on the planet carrier was set to 200
rpm and the output torque on the sun gear was imposed to 700 Nm (2800 Nm at
the planet carrier). Figures 5.2 and 5.3 show the load distribution, sliding velocity,
Hertzian pressure, local CoF and power loss at stabilized dynamic conditions for both
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Figure 5.1.: Load sharing and mesh stiﬀness according to the diﬀerent models applied
to the sun-planet and planet-ring gear meshes, (i = 0, µ = 0, αk = 4/5,
Kmax = K
ISO
max).
140
5.1. Quasi-static Load distribution and gears power loss
of the gear contacts (SP and PR). It should be noted that the power loss per unit
of line length and total power loss of the planet-ring contact are much lower than
the same quantities in the sun-planet contact. This diﬀerence comes down to the
fact that the internal gearing of the PR contact has lower contact pressure and much
lower sliding velocity which results in a lower CoF and power loss.
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(d) Hertzian pressure, P0(x, y).
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Figure 5.2.: Local quantities and power loss under quasi-static conditions (PAOR @
200 rpm, 2800 Nm) - Sun-Planet (SP).
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Figure 5.3.: Local quantities and power loss under quasi-static conditions (PAOR @
200 rpm, 2800 Nm) - Planet-Ring (PR)
143
5. Planetary Gears: Load Sharing and Local Power loss (quasi-static vs dynamic)
5.2. Planetary gear dynamics
In chapter 3 a model for a simple gear mesh pair was presented and the inﬂuence
of gear dynamics in power loss demonstrated. In this section the same concepts
and basic assumptions were taken into account a lumped mass planetary gearbox
dynamics model was developed.
Consider a planetary gearbox with elastic shafts attached to the planet carrier and
the sun gear. The planetary gearbox is considered to have n planets of mass mp. The
ring gear is ﬁxed. Figure 5.4 shows the simpliﬁed planetary gearbox model.
K
s2, c
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K
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θ
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Figure 5.4.: Dynamic planetary gear model.
The equations that describe the dynamics of the planetary gearbox were derived
following the procedure that was already employed to obtain the equations for the
dynamic behaviour of a simple gear pair (PLA).
The variables that describe the motion θi are represented in a frame of reference
at the center of each rotating element.
The kinetic energy of the system can be written according to equation (5.2.1).
It should be noted that the term
n∑
i=1
[
Jp · θ˙ip
2
+ mp ·
(
θ˙c · a
)2]
accounts for both the
rotational kinetic energy of the planets around their own center and the kinetic energy
that results from the movement with the planet carrier.
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T =
1
2
[
J1 · θ˙12 + J2 · θ˙22 + Js · θ˙s2 + Jc · θ˙c2+
n∑
i=1
[
Jp · θ˙ip
2
+mp ·
(
θ˙c · a
)2]] (5.2.1)
The potential energy of the system can be written according to equation (5.2.2).
V =
1
2
[
K1c · (θc − θ1)2 +Ks2 · (θ2 − θs)2 +
n∑
i=1
[
Ksp ·
(
rbp ·
(
θip + θc
)− rbs · (θs − θc))2
+Kpr ·
(
rbr · θc − rbp ·
(
θip + θc
))2]]
(5.2.2)
Quantity δWnc, equation (5.2.3), accounts for the variation of work of external
forces.
δWnc = M1 · δθ1 −M2 · δθ2 (5.2.3)
R, equation (5.2.4), accounts for the damping eﬀects.
R =
1
2
[
c1 · (θ˙c − θ˙1)2 + c2 · (θ˙2 − θ˙s)2 + cc · θ˙c2+
n∑
i=1
[
csp ·
(
rbp ·
(
θ˙ip + θ˙c
)
− rbs ·
(
θ˙s − θ˙c
))2
+
cpr ·
(
rbr · θ˙c − rbp ·
(
θ˙ip + θ˙c
))2]]
(5.2.4)
Considering equation (3.1.7) and equations (5.2.1) to (5.2.4) and applying the
Euler-Lagrange equations considering damping eﬀects a system of four diferential
equations that describes the motion of the system is obtained, equation (5.2.5) to
(5.2.9).
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J1 · θ¨1 −
[
K1 · (θc − θ1) +M1
]
− c1 · (θ˙c − θ˙1) = 0 (5.2.5)
Jc · θ¨c +
n∑
i=1
[
mp · a2θ¨c
]
−[
−K1 · (θc − θ1)−
n∑
i=1
[
(rbp + rbs) ·Kisp ·
(
rbp
(
θip + θc
)− rbs · (θs − θc))
+ (rbr − rbp) ·Kipr ·
(
rbr · θc − rbp ·
(
θip + θc
))]]
+
n∑
i=1
[
(rbp + rbs) · csp ·
(
rbp ·
(
θ˙ip + θ˙c
)
− rbs ·
(
θ˙s − θ˙c
))
+ (rbr − rbp) · cpr ·
(
rbr · θ˙c − rbp ·
(
θ˙ip + θ˙c
))]
+ cc · θ˙c + c1 · (θ˙c − θ˙1) = 0
(5.2.6)
Js · θ¨s −
[
K2 · (θ2 − θs) +
n∑
i=1
[
rbs ·Kisp ·
(
rbp ·
(
θip + θc
)− rbs · (θs − θc))]]+
n∑
i=1
[
−rbs · csp ·
(
rbp ·
(
θ˙ip + θ˙c
)
− rbs ·
(
θ˙s − θ˙c
))]
− c2 · (θ˙2 − θ˙s) = 0
(5.2.7)
n∑
i=1
[
Jp · θ¨ip
]
−
[
−
n∑
i=1
[
rbp ·Kisp ·
(
rbp ·
(
θip + θc
)− rbs · (θs − θc))
−rbp ·Kipr ·
(
rbr · θc − rbp ·
(
θip + θc
))]]
+
n∑
i=1
[
rbp · csp ·
(
rbp ·
(
θ˙ip + θ˙c
)
− rbs ·
(
θ˙s − θ˙c
))
−
rbp · cpr ·
(
rbr · θ˙c − rbp ·
(
θ˙ip + θ˙c
))]
= 0
(5.2.8)
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J2 · θ¨2 −
[
−K2 · (θ2 − θs)−M2
]
+ c2 · (θ˙2 − θ˙s) = 0 (5.2.9)
This problem can then be rewritten in matrix form according to equation (5.2.10).
[M ] {θ¨}+ [C] {θ˙}+ [K] {θ} − {F} = {0} (5.2.10)
Equations (5.2.11) to (5.2.15) are the matrices that compose equations (5.2.10).
{θ} =

θ1
θc
θs
θ1p
...
θip
...
θnp
θ2

(5.2.11)
[M ] =

J1 0 0 0 · · · 0 · · · 0 0
0 Jc +
n∑
i=1
[
mp · a2
]
0 0 · · · 0 · · · 0 0
0 0 Js 0 · · · 0 · · · 0 0
0 0 0 J1p · · · 0 · · · 0 0
0 0 0 0
... 0
... 0 0
0 0 0 0 · · · J ip · · · 0 0
0 0 0 0
... 0
... 0 0
0 0 0 0 0 0 0 Jnp 0
0 0 0 0 0 0 0 0 J2

(5.2.12)
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[K] =

K1 −K1 0
−K1 K1 +
n∑
i=1
[
(rbp + rbs)
2 ·Kisp + (rbr − rbp)2 ·Kipr] −
n∑
i=1
[
(rbs + rbp) · rbs ·Kisp
]
0 −
n∑
i=1
[
(rbs + rbp) · rbs ·Kisp
]
K2 +
n∑
i=1
[
r2bs ·Kisp
]
0 rbp ·
(
(rbp + rbs) ·K1sp − (rbr − rbp) ·K1pr
)
−rbs · rbp ·K1sp
...
...
...
0 rbp ·
(
(rbp + rbs) ·Kisp − (rbr − rbp) ·Kipr
)
−rbs · rbp ·Kisp
...
...
...
0 rbp ·
(
(rbp + rbs) ·Knsp − (rbr − rbp) ·Knpr
)
0
0 0 −K2
0 · · · 0
rbp ·
(
(rbp + rbs) ·K1sp − (rbr − rbp) ·K1pr
)
· · · rbp ·
(
(rbp + rbs) ·Kisp − (rbr − rbp) ·Kipr
)
−rbs · rbp ·K1sp · · · −rbs · rbp ·Kisp
r2bp ·
(
K1sp +K
1
pr
)
0 0
...
...
...
0 0 r2bp ·
(
Kisp +K
i
pr
)
...
...
...
0 0 0
0 0 0
· · · 0 0
· · · rbp ·
(
(rbp + rbs) ·Knsp − (rbr − rbp) ·Knpr
)
0
· · · −rbs · rbp ·Knsp −K2
0 0 0
...
...
...
0 0 0
...
...
...
0 r2bp ·
(
Knsp +K
n
pr
)
0
0 0 K2

(5.2.13)
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[C] =

c1 −c1 0
−c1 cc + c1 +
n∑
i=1
[
(rbp + rbs)
2 · csp + (rbr − rbp)2 · cpr] −
n∑
i=1
[
(rbs + rbp) · rbs · csp
]
0 −
n∑
i=1
[
(rbs + rbp) · rbs · csp
]
c2 +
n∑
i=1
[
r2bs · csp
]
0 rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
−rbs · rbp · csp
...
...
...
0 rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
−rbs · rbp · csp
...
...
...
0 rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
−rbs · rbp · csp
0 0 −c2
0 · · · 0
rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
· · · rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
−rbs · rbp · csp · · · −rbs · rbp · csp
r2bp · (csp + cpr) 0 0
...
...
...
0 0 r2bp · (csp + cpr)
...
...
...
0 0 0
0 0 0
· · · 0 0
· · · rbp ·
(
(rbp + rbs) · csp − (rbr − rbp) · cpr
)
· cpr 0
· · · −rbs · rbp · csp −c2
0 0 0
...
...
...
0 0 0
...
...
...
0 r2bp · (csp + cpr) 0
0 0 c2

(5.2.14)
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{F} =

−M1
0
0
0
...
0
...
0
M2

(5.2.15)
5.2.1. Natural modes and self-excitation
In a dynamic system the amplitude of vibration is highest for excitations near
the modal frequencies. The characteristic problem was then studied for the system
presented in ﬁgure 5.4 aiming to understand the range of operating speeds at which
maximum amplitude of vibration occurs.
The natural modes of vibration (modal shapes and frequencies) were calculated for
the gears that were presented considering the mass and stiﬀness properties presented
in table 5.1. The damping parameters, csp, cpr, c1c and cs2, (ﬁgure 5.4) were forced
to 0 in order to solve de characteristic problem.
The mass properties of the gears, JS and JP , were calculated from the dimensions
of the gears' pitch diameter and face width. The average mesh stiﬀness was obtained
averaging the mesh stiﬀness obtained with the quasi-static local elastic model (section
2.3) for a single meshing period (µ = 0).
Table 5.1 shows the mass and stiﬀness properties considered in the gear dynamics
model.
Table 5.1.: Mass and stiﬀness properties (gear dynamics model, ﬁgure 5.4).
Property Value Units
J1 4.0× 10−2 kgm2
Jc 2.23× 10−3 kgm2
Jp 8.86× 10−4 kgm2
Js 9.93× 10−4 kgm2
J2 4.0× 10−2 kgm2
K1c 3× 105 Nm/rad
Kavgsp 6.84× 103 Nm/rad
Kavgpr 6.28× 103 Nm/rad
Ks2 3× 105 Nm/rad
Figures 5.5 show the modal shapes normalized to unitary modal masses for the
three gear geometries. The natural frequencies are displayed in table 5.2. The system
is semi-deﬁnite, so the ﬁrst mode is a rigid body mode with a natural frequency of 0
rpm, the modal shape follows the gearbox ratios.
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Table 5.2.: Modal frequencies considering the average mesh stiﬀness and µ = 0, (Plan-
etary gearbox).
ωin [rpm]
ω0n ω
1
n ω
2
n ω
3
n ω
4
n ω
5
n ω
6
n
0 25 963.0 97 221.6 323 768.4 398 755.1 398 755.1 607 833.4
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Figure 5.5.: Modal shapes normalized to unitary modal masses. (planetary gearbox).
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Self-excitation
The characteristic problem was studied considering the average mesh stiﬀness.
However the mesh stiﬀness varies periodically in time, being the period of this vari-
ation coincident with the meshing period Tmesh. The time varying mesh stiﬀness
introduces a periodic excitation which has a frequency higher that the frequency of
rotation of the shaft. This means that it is possible to excite the natural modes at
rotational speeds that are much lower (self-excitation speeds) than the actual natural
frequency corresponding to that particular mode.
In a planetary gearbox the mesh period (Tmeshplnt ) must be calculated in a referential
attached to the planet carrier, i.e. the speed of the sun gear to consider is ωrs , equation
(4.4.3).
The self-excitation speeds can be calculated equalling the mesh period to the
natural period of a certain mode, as represented in equation (5.2.16).
Tmeshplnt =
2pi
(1− 1
uplnt
) · ωs · zs (5.2.16)
Following equation (3.2.1) the self excitation speed in a planetary gearbox is given
by equation (5.2.17).
ωsself =
ωin
(1− 1
uplnt
) · zs (5.2.17)
The self excitation speeds for each mode were calculated and the results are presen-
ted in table 5.3. Figure 5.6 also shows the self-excitation speeds but in a graphical
manner. Despite the second and third natural modes (ﬁrst and second non rigid) ap-
pearing at very high speeds (table 5.2) they can be excited at more common operating
speeds due to mesh stiﬀness excitations.
Table 5.3.: Self excitation speeds. (Planetary gearbox).
ωin [rpm]
ωs,1self ω
s,2
self ω
s,3
self ω
s,4
self ω
s,5
self ω
s,6
self
961.2 3 600.8 11 991.4 14 768.7 14 768.7 22 512.3
5.2.2. Power loss simulations
Speeds near the ones presented in tables 5.2 and 5.3 are prone to induce high vibra-
tion amplitudes which may result in substantial dynamic overloads. These high amp-
litude modes near de critical speeds have the potential to result in dynamic normal
tooth loads below zero, which means that the meshing teeth loose contact, therefore
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Figure 5.6.: Self excitation speeds due to the time varying mesh stiﬀness.
rendering the proposed gear dynamics model invalid in such situations. Simulation
conditions that make the meshing teeth loose contact will be disregarded.
Previously, the natural modes were studied forcing the damping parameters csp,
cpr, c1c and cs2, (ﬁgure 5.4) to 0, however some reference values for the mesh damping
cpw can be found in the literature [25]. For the current simulations the values of
csp = cpr = 700 Ns/m and c1c = cs2 = 0.04 Nm·s were selected according to Vedmar's
et al. work [101], shown in table 5.4.
Table 5.4.: Damping coeﬃcients (Planetary gearbox simulations).
Property Value Units
csp 700 Ns/m
cpr 700 Ns/m
c1c 0.04 Nm·s
cs2 0.04 Nm·s
The time varying mesh stiﬀness's,Ktsp andK
t
pr, were once again obtained according
to the method suggested in section 2.3 where the load distribution was calculated
minimizing the total potential energy of the system and the boundary conditions
introduced using a Lagrange multiplier. The frictional eﬀects in gear dynamics were
taken into account in the time varying mesh stiﬀness. The local CoF formulation
proposed by Xu [53] was once again considered (detailed in 1.1.2).
In order to perform the dynamic power loss simulations the PAOR gear oil was
selected. The loads and speeds were selected according to table 4.8. The oil temper-
ature was imposed according to table 4.14.
As it was previously mentioned the amplitude of vibration is highest in the vicinity
of the natural modes. The two ﬁrst (non-zero) self excitation speeds were selected.
The load was set at 2800 Nm and the oil temperature was set at 80 ◦C.
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A centred ﬁnite diﬀerences scheme was used to numerically solve equations (5.2.5)
to (5.2.9). A proper integration time ∆t was selected for each simulation. As for the
boundary conditions, the input speed (θ˙1) and output torque (M2) were ﬁxed.
5.2.3. Results
Table 5.5 shows a comparison between the dynamic (D) and quasi-static (S) aver-
age power loss for a single planet. For the simulations at the conditions presented in
table 4.8 the diﬀerences (∆%) between the quasi-static and dynamic average power
losses were between 0.61 and 2.41 %, however the simulation at ωs,2self resulted in a
diﬀerence of −5.3 % for the planet-ring contact. It should be noted that the largest
diﬀerences are observed for the planet-ring contact. In fact the average deviation
for the sun-planet is 1.4 % while for the planet-ring contact is 2.4 %. Figures 5.7
to 5.16 show the local quantities at stabilized dynamic conditions for the operating
conditions speciﬁed in subsection 5.2.2. The ﬁgures for the 150 rpm simulations at
2000 Nm and 2400 Nm were omitted due to the similarities with the ﬁgures for the
150 rpm /2800 Nm simulation.
In these ﬁgures it becomes apparent that usually the load variations due to dy-
namic eﬀects are more pronounced in the planet-ring contact, hence the highest
deviations between the quasi-static and dynamic average power losses.
The results found in this section are in line with what was already found for the
dynamic power loss study in for single gear pairs done in chapter 3. For selected
operating conditions, speciﬁcally the ones that excite certain natural modes, the
inﬂuence of dynamics in the average power loss can be relevant specially considering
that at nominal load conditions the gears are usually the most important power loss
source.
Table 5.5.: Quasi-static vs dynamic average power loss for PAOR (one planet).
Speed Torque Power Loss [W]
[rpm] [Nm] SP PR
S D ∆ [%] S D ∆ [%]
ωs,1self = 961.2 2800 161.95 159.83 1.3 19.53 19.08 2.36
ωs,2self = 3600.8 2800 531.03 519.86 2.14 64.04 67.61 -5.3
100 2800 110.88 109.34 -1.38 15.53 15.26 1.77
150
2000 100.96 99.62 1.35 11.83 11.58 2.16
2400 114.42 112.85 1.39 14.15 13.84 2.24
2800 123.00 121.28 1.42 15.74 15.37 2.41
200 2800 137.31 135.87 1.06 16.56 16.46 0.61
S - Quasi-static load; D - Dynamic load
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Figure 5.7.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ ωs,1selfs rpm, 2800 Nm) - SP.
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Figure 5.8.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ ωs,1selfs rpm, 2800 Nm) - PR.
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Figure 5.9.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ ωs,2selfs rpm, 2800 Nm) - SP.
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Figure 5.10.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ ωs,2selfs rpm, 2800 Nm) - PR.
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Figure 5.11.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 100 rpm, 2800 Nm) - SP.
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Figure 5.12.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 100 rpm, 2800 Nm) - PR.
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Figure 5.13.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 150 rpm, 2800 Nm) - SP.
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Figure 5.14.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 150 rpm, 2800 Nm) - PR.
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Figure 5.15.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 200 rpm, 2800 Nm) - SP.
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Figure 5.16.: Local quantities and power loss at stabilized dynamic conditions (PAOR
@ 200 rpm, 2800 Nm) - PR
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5.3. Closure
In this chapter the concepts that were developed for a single gear pair in chapter 3
were applied to a planetary gearbox. The models that were developed could be readily
applied without any speciﬁc modiﬁcation. The three load distribution models yielded
slightly diﬀerent load distributions (F/Fbn). The reason for such diﬀerences could be
observed in the diﬀerences in the mesh stiﬀness functions where some signiﬁcant
diﬀerences could be observed namely the average stiﬀness that was quite diﬀerent
between the quasi-static elastic and local elastic models. Regarding the power loss
simulations the ﬁrst thing that should be noted is that the internal gearing promotes
lower loss than the external sun-planet gearing.
A planetary dynamics model was developed aiming to study the inﬂuence of gear
dynamics in the average power loss in a planetary gearbox. A plan of simulations
aiming to replicate the tangential speeds and average contact pressure of a real plan-
etary gearbox in a real wind turbine was followed, two self excitation speeds were
also included. The results showed that average diﬀerences in the average power loss
of 1.4% for the sun-planet and 2.4% for the planet-ring contact can be observed. At
the second self-excitation speed a diﬀerence of −5.3% was calculated for the planet
ring-contact. The results once again indicate that in the right conditions there can
be some signiﬁcant deviations in the average power loss between the quasi-static and
dynamic average power loss.
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6.1. Conclusions
This thesis was divided in six diﬀerent chapters.
Chapter 1 - Classical Gearbox Powerloss Model was dedicated to the in-
troduction of the classical approach to gearbox power loss. The diﬀerent power loss
sources were categorised and diﬀerent models to estimate each one of the sources
were also presented and detailed. Through the course of chapter 1 it has become ap-
parent that there are many solutions for the same power loss problems (gears, rolling
bearings and seals).
It was also pointed out that one of the main deﬁciencies of any state of the art
power loss models is in the prediction of the no-load losses, where diﬀerent models
applied to the same conditions yield very diﬀerent results, diﬀerences of orders of
magnitude between the models are sometimes calculated. The aim of chapter 1
was to introduce and show the multiple solutions regarding some of the multiple
approaches to modelling diﬀerent power loss sources.
Chapter 2 - Developments for a Gear Pair: Load Sharing and Power Loss
in Meshing Gears dealt with the load distribution problem including frictional
eﬀects in spur and helical gears, as well as a generalized approach to power loss
estimation. A analytical approach to the gear contact line length based on Heaviside
functions was developed. Three diﬀerent, yet simple load distribution models, were
proposed from the rigid tooth approach to the elastic solution including friction. A
generalized power loss formulation was also presented.
The results obtained with the elastic models (load distribution and mesh stiﬀness)
were in agreement with each other when the CoF was set to µ = 0. The most
advanced of the models considered the frictional eﬀects in the load balance, so that
modiﬁcations in the load distribution and mesh stiﬀness were observed due to friction.
In the load distribution per unit of length the free edge eﬀects were also observed.
The frictional and elastic eﬀects were clearly visible in results obtained for the spur
gears, where a step could be observed at the pitch point in the case of constant CoF
formulation. When the local CoF was considered the transition was done smoothly
without sudden steps, but a slope was still observed. In the case of helical gears the
frictional eﬀects seem to play a lesser role in the load distribution even when the
constant CoF is considered.
From the generalized gear power loss approach an average power loss and gear loss
factors could be calculated. The diﬀerences that were observed in the gear loss factors
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(rigid vs elastic+friciton) can be relevant depending on the accuracy and reﬁnement
of the desired power loss prediction. The calibration of the lubricant factor XL that
is used in Schlenk's et al. [48] average COF formulation can be done according to
the methodology proposed by Fernandes et al. [2]. In this methodology an accurate
gear loss factor is a fundamental piece in ﬁnding accurate XL values and power loss
estimations.
In Chapter 3 - Developments for a Gear Pair: Gear Dynamics and Power
Loss a four degree of freedom torsional lumped mass gear dynamic model was de-
duced from the Principle of Least Action. The model considered the frictional eﬀects
in the vibrational behaviour. The eﬀects of gear dynamics and gear geometry in the
average power loss were then evaluated.
Gear geometry plays a very important role in gear dynamics. The spur gear showed
higher dynamic overloads mainly due to the step like mesh stiﬀness variations at the
transitions from gear mesh of multiple to single tooth pairs and vice versa. Friction
has not shown a signiﬁcant, yet visible, eﬀect in the torsional dynamic behaviour of
either spur and helical gears.
It was veriﬁed that there can be some diﬀerences (up to 3.6 % for the present
simulations in the case of spur gears) between the quasi-static and dynamic average
power loss. This raises some concern because spur gears, namely C40 gears, are
often used to perform eﬃciency tests and calibrate power loss models [2], namely the
lubricant factor XL in the case of Schlenk's CoF formulation [48] which has recently
been adopted as a standard.
It was veriﬁed that gears with slow varying mesh stiﬀness are prone to be less
aﬀected by dynamic self-excitations. It was also shown that dynamic excitations can
have an inﬂuence in the average power loss and potentially in the lubricant parameter
(XL), therefore a gear that is pre-disposed to promote a smoother operation should
be better to perform power loss studies in which the aim is not to study the gear,
but the lubricant itself. It was proposed that such gear would ideally have a constant
mesh stiﬀness (potentially less dynamic eﬀects) and a gear loss factor similar to that
of the C40 gear (≈ 0.2) in order to have an experimental torque loss less aﬀected by
measurement. Such gear would have to be an helical gear.
Chapter 4 - Power Loss in a Multiplier Planetary Gearbox Lubricated
with Wind Turbine Gear Oils was dedicated to the experimental and numerical
power loss study of a planetary gearbox in a multiplier conﬁguration. Four fully
formulated ISO VG 320 wind turbine gear oils were selected and characterized, two
of them being mineral based oils (MINR and MINE) and the other two being synthetic
based oils: a poly−α−oleﬁn (PAOR) and a polyalkyleneglycol (PAGD).
The global power loss of the selected gearbox was evaluated in a set of experimental
tests aiming to promote similar pitch line speeds and contact pressures of a planetary
gearbox of the ﬁrst stage 2.5 MW wind turbine.
The power loss experiments showed that PAOR lead to the lowest values of sta-
bilization temperature. MINR lead to the highest stabilization temperatures, except
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for the test at 100 rpm, where the highest temperature was achieved with PAGD.
The diﬀerences between oils never exceeded 7◦C.
The numerical model showed that at the selected operating conditions, the gears
are the most signiﬁcant power loss source. However it should be noted that in all
cases the power loss in the rolling bearings (TRBs+FCNRBs+DGBB) accounts for
the majority of the power loss in the planetary gearbox. For the same operating
conditions, the numerical results indicate that PAGD had the lowest load dependent
power loss.
The churning losses are quite relevant, specially for PAGD which despite showing
the lowest coeﬃcient of friction in the gears it did not present the best power loss
performance. The reduction of the friction in the gears was not high enough to
overcome the increase in the churning losses relatively to the other lubricants.
In chapter 5 - Planetary Gears: Local Load Sharing and Power loss
(quasi-static vs dynamic) the load distribution and dynamics concepts and de-
velopments for a single gear pair were applied to the planetary gearbox in study.
The quasi-static average power loss solution was compared with the power loss in-
cluding dynamic eﬀects. A planetary gear dynamics model was presented and some
simulations/results were analysed.
The planetary dynamics model was also developed aiming to study the inﬂuence
of gear dynamics in the average power loss in a planetary gearbox. A plan of simula-
tions aiming to replicate the tangential speeds and average contact pressure of a real
planetary gearbox in a real wind turbine was followed, two self excitation speeds were
also included. The results showed that average diﬀerences in the average power loss
of 1.4% for the sun-planet and 2.4% for the planet-ring contact can be observed. At
the second self-excitation speed a diﬀerence of −5.3% was calculated for the planet
ring-contact. The results once again indicate that in same conditions there can be
some signiﬁcant deviations in the average power loss between the quasi-static and
dynamic average power loss.
6.2. Future work
The models that were developed had simplifying assumptions that could inﬂuence
some of the results that were obtained, also some of the numerical implementations
could be improved in diﬀerent ways. Below some notes are left with topics and
ideas/improvements for future works:
• Inﬂuence of the non-linear hertz stiﬀness (including surface roughness) in the
load distribution and the gear mesh stiﬀness;
• Out of the plane of action gear contact due to elasticity;
• Full rotor dynamics model for gear dynamics (transverse vibrations as well as
gyroscopic eﬀects) including a time varying gear mesh damping;
• Inﬂuence of the dynamic loads on surface distress including surface roughness;
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The eﬀects that were neglected and their respective inﬂuence could result in further
modiﬁcations on the predicted power loss.
Due to their potential beneﬁts and advantages over regular gears the concept of
constant mesh stiﬀness gears (CMSG's) should be studied and developed.
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